CYCLE COMPLEX OVER P 1 MINUS 3 POINTS : TOWARD 
MULTIPLE ZETA VALUES CYCLES. 

ISMAEL SOUDERES 

Abstract. In this paper, the author constructs a family of algebraic cycles 
in Bloch's cycle complex over P 1 minus three points which are expected to 
correspond to multiple polylogarithms in one variable. Elements in this family 
of weight p are in the cubical cycle group of codimension p in (P 1 \ {0, 1, oo}) X 
(P 1 \ {l}) 2p ~ 1 and are, in weight greater or equal to 2, naturaly extended as 
equidimensional cycles over over A 1 . 

This allows to consider their fibers at the point 1 and this is one of the 
main differences with the work of Gangl, Goncharov and Levin. Considering 
the fiber at 1 makes it possible to think of these cycles as corresponding to 
weight n multiple zeta values. 

After the introduction, the author recalls some properties of Bloch's cy- 
cle complex and enlightens the difficulties on a few examples. Then a large 
section is devoted to the combinatorial situation involving the combinatoric 
of trivalent trees. In the last section, two families of cycles are constructed 
as solutions to a "differential system" in Bloch's cycle complex. One of this 
families contains only cycles with empty fiber at which should correspond to 
multiple polylogarithms. 
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1. Introduction 

1.1. Multiple polylogarithms. The multiple polylogarithm functions were de- 
fined in [Gon95] by the power series 

z «l z «2 z n m 

Li ku ...,k m {zi,...,z m ) = ^2 ~t:~t; — it; G C, < 1). 

ni>->fe m n l n 2 n ™ m 

They admit an analytic continuation to a Zariski open subset of C m . The case 
m = 1 is nothing but the classical polylogarithm functions. The case z\ = z and 
Zi = ■ • • = z m = 1 gives a one variable version of multiple polylogarithm function 

^fe!,..., fc m (X) =Li kl ,...,k m 0*1,1, ...,1) = 



i>->k m n l n 2 ' ' ' n m 



When k\ is greater or equal to 2, the series converge as z goes to 1 and one recovers 
the multiple zeta value 

C(fci,...,fc m ) = Lifc li ... )fcro (l) = Lifc 1 ,...,fc ro (l,...,l)= fci kl J—- 

ni>->k m n l n 2 ■■■nm 

To the tuple of integer (ki, . . . , k m ) of weight n = ^2 ki, we can associate a tuple 
of and 1 

(e n ,...,ei):=(0,...,0 ,1,..., 0,...,0,1) 

ki—l times k p — 1 times 

which allows to write multiple polylogarithms as iterated integrals (zi ^ for all i) 

dt± dtrji 



Lik^..,,k m {zx,---,z m ) = (-l) r 



where 7 is a path from to 1 in C \ {xi, . . . , x n }, the integration domain A 7 is 
the associated real simplex consisting of all m-tuples of points (7(^1), . . . ,j{t n )) 
with ti < tj for i < j and where we have set x n — z-f , x n -.- L — (z\ ■ ■ ■ for 

fci H h ki-i + l<i<fci + ••• + &/ and cci = (zi • •• z m ) _1 . 

As shown in [Gon05a , iterated integrals have Hodge/motivic avatars living in 
a Hopf algebra equivalent to the tannakian Hopf algebra of Q mixed Hodge- Tate 
structure. Working with these motivic/Hodge iterated integrals allows to see more 
structure, in particular the coproduct which is not visible on the level of numbers, 
conjecturaly without losing any information. 



CYCLE COMPLEX OVER P 1 MINUS 3 POINTS 



3 



1.2. Multiple polylogarithms and algebraic cycles. Considering the relations 
between the motivic word and the higher Chow groups in one hand (e.g. |Lev05l 
IVoe02| l and in the other hand the relations between multiple polylogarithm and 
regulators (e.g. Zag91[ IGon05b| l. it is reasonable to ask whether there exists 



avatars of the multiple polylogarithms in terms of algebraic cycles. 

Given a number field K, in [BK94J, Bloch and Kriz have constructed using 
algebraic cycles, a graded Hopf algebra, isomorphic to the tannakian Hopf algebra 
of the category of mixed Tate motive over K ( SpiOl ] and latter |Levll| ). together 
with a direct Hodge realization for this "cyclic motives". Moreover for any integer 
n greater or equal to 2 and any point z in K they have produced an algebraic cycle 
Li^(z). This cycle Li^z) induces a motive. They have shown at Theorem 9.1 
that the "bottom-left" coefficient of the periods matrix in the Hodge realization is 
exactly —Li n (z)/(2in) n . 

More recently, Gangl, Goncharov and Levin, using a combinatorial approach, 
have built algebraic cycles corresponding to the multiple polylogarithm values 
Lik l ,... i k m { z ii ■ ■ ■ ■• z m) with parameters zi in IK* under the condition that the corre- 
sponding Xi (as defined above) are all distinct. In particular, all the Zi but z\ have to 
be different from 1 and their methods does not gives algebraic cycles corresponding 
to multiple zeta values. 

1.3. Algebraic cycles over P 1 \ {0, 1, oo}. The goal of my project is to develop 
a geometric construction for multiple polylogarithm cycles removing the previous 
obstruction which will allow to have multiple zeta cycles. 

A general idea underlying this project consists on looking cycles fibered over 
a larger base and not just point-wise cycles for some fixed parameter (z\, z m ). 
Levine, in [Levllj . shows that there exists a short exact sequence relating the Bloch- 
Kriz Hopf algebra over Spec(K), its relative version over P 1 \ {0, 1, oo} and the Hopf 
algebra associated to Goncharov and Deligne's motivic fundamental group over 
P 1 \ {0, l,oo} which contains the motivic iterated integrals associated to multiple 
polylogarithms in one variable. 

As this one variable version of multiple polylogarithms gives multiple zeta values 
for z = 1, it is natural to investigate first the case of Bloch-Kriz construction 
over P 1 \ {0,l,oo} in order to obtain algebraic cycles corresponding to multiple 
polylogarithms in one variable with a "good specialization" at 1. However before 
computing any Hodge realization matrix periods, one needs first to obtain explicit 
algebraic cycles over P 1 \ {0, 1, 00} which can be specialized at 1 and have a chance 
to correspond to multiple zeta values. This paper gives such a class of cycles and 
final remarks gives some evidences that it is a good family by computing an integral 
in low weight. 

1.4. Strategy and Main results. Bloch and Kriz Hopf algebra and its relative 
version over P 1 \ {0,1, 00} is the H° of the bar construction over a commutative 
differential algebra (c.d.g.a) Af x build out of algebraic cycles. We will use this 
construction in the case K = Q and X = Spec(Q) or X = P 1 \ {0, 1, 00} or X = A 1 . 
This c.d.g.a comes form the cubical construction of the higher Chow groups and 
one has with D 1 = P 1 \ {1} ~ A 1 : 

where the N x (p) are generated by codimension p cycles inlx \Z\ 2p ~ n which are in 
good position. The cohomology of the complex N x (p) give back the higher Chow 
groups CH p (Spec(fc), 2p — •). 

As the H° of the bar construction over A/Jia r 1 is related to its l-minimal 
model. The strategy to obtain our family of cycles is to follow the inductive 
construction of this l-minimal model which gives a generalized nilpotent c.d.g.a 
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M = A(V) together with a map <f> : M — > -^pi\{o 1 00} inducing an isomorphism 
on the H° and the H 1 and an injection on the H 2 . 

More precisely this construction begins with the V± = H 1 (7Vpi^| loo j). Then, 
the inductive step of the 1-minimal model construction goes as follows, defining 
V l+1 =Vi® ker(H 2 (A'(^)) — > ^{K^ X oo} 

)), one chooses specific representa- 
tives in A^i\ r 1 of basis elements of the above kernel considering the diagram 

A 2 (V9 " >M^ {0 , liOo} 

d 

b 1 > otijCi ■ Cj 1 * 

d 

3c G ^1^0,1,00} 

A particular choice of such a c corresponding to b induces the map Pi+i -^x 
and allows the inductive construction to go on. 

Hence, one wants first to find inductively linear combinations Y] Q-i.jCj ■ Cj that 
have a zero differential and under what conditions they can be written as an explicit 
boundary, that is as d(c) for some explicit cycle c in N x . 

In weight p, the considered linear combinations are built out of elements obtained 
in lower weight and under some geometric conditions (equidimensionality over A 1 
and empty fiber at 0), the cycle c can be constructed easily. It is the pull-back of 
Ylaj^Cj ■ cj induce by the multiplication map (D 1 ~ A 1 , X = A 1 ): 

X x A 1 x A 2 p- 2 > X x A 2 p- 2 



(t, S,Xi, . . . ,X 2p -2) 1 * (tS,Xx,...,X2p-2)- 

Even though it is not formalized in their paper, it is reasonable to believe that 
Bloch and Kriz used this idea to build the cycles Li'^'(z). Thus, we naturally 
find back these cycles using the method described above. However, the cycles 
corresponding to multiple polylogarithms built using this method are different from 
the one proposed by Gangl, Goncharov and Levin. 

In particular, the geometric conditions on ^ ctijCfCj and the computation of the 
pull-back in the above construction oblige the constructed cycles on P 1 \ {0, 1, 00} 
to admit an extension in Af?i equidimensional over A 1 and with empty fiber at 
or 1. 

A complete description of the inductive construction is based on a combinatorial 
setting using the coLie algebra dual to the defined a differential d cy on trees which 
is closely related to the differential in M x . The main point of the combinatorial 
setting is the following result (Theorem 13.441) . 

Theorem. For any Lyndon word W in the letters {0,1}, the element Tw{t) is 
decomposable: 

(1) d cy (T w (t)) - Yl a ^T Wi (t) ■ T W] (t) + Pi,jTw h (t) ■ T Wl (1) 

where ■ denotes the disjoint union of trees and where Wi, Wj, Wk and Wi are 
Lyndon of smaller length than W . 
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This result gives us the combinatorial structure of the elements we want to built 
and allows us to construct two explicit families of cycles in a general framework. 
Modifying the above "differential system", one inductively constructs cycles Cw 
corresponding to Twit) and cycles C]y corresponding to the difference Twit) ~ 
7V(1). In this way, one obtains, at Theorem 14. 121 algebraic cycles that are expect 
to correspond to multiple zeta values when specialized at 1. 

Theorem. Let X = P 1 \ {0, 1, oo}. For any Lyndon word W in the letters {0, 1} 
of length p greater or equal to 2, there exists cycles Cw and C w in Nx{p), that is 
cycles of codimension 1 in X x □ p such that 

• Cw (resp. Cw) admits an equidimensional extension to A 1 with empty 
fiber at (resp. 1 ). 

• Cw (resp. Cw), as its extensions to A , satisfies 

(2) d(Cw) = ^ OijCwt ■ £w, + ^ b ki iCw k ■ C-Wi 

(3) i^resp. d(C w ) = ^ a' id C Wi • C W] + ^ b k,l^w k ' ^w, c 'i C ° ' Cw ' ) 

where coefficients dij, a^j, bu,i, b' kl and c[ are derived from (fTJ) (see Defi 
nition \J7T\ and Proposition \4-3\ ) and such that the above equations involved 
only words of smaller length than p 

In particular, 

• £vH{i=i} gi ves an element of A/q which is expected to correspond to a 
multiple zeta value as Cw\{t=z} is expected to correspond to a multiple 
polylogarithm at z. The computation of the actual integral for W = Oil is 
done in the last section. 

• The two R.H.S in @ and ^ admit equidimensional extensions over A 1 
and have empty fiber at (resp. 1). Their pull-back by the multiplication 
(resp. a twisted multiplication) gives Cw (resp. C w )- 

The paper is organized as follows : 

• The next section (Section^ is devoted to a general review of Bloch-Kriz cy- 
cle complex. After recalling some basis definitions and properties of (Adams 
graded) c.d.g.a, their 1-minimal model and the bar construction, we de- 
tail the construction of the cycle complex. Then, we recall some of its 
main properties (relation to higher Chow groups, localization long exact 
sequence, etc.), some applications and the relations with mixed Tate mo- 
tives. We conclude this section by applying our strategy to the nice example 
of polylogarithms as described in |BK94| and present the main difficulties 
trough a weight 3 example. 

• Afterward in Section |3l we deal with the combinatorial situation first pre- 
senting the trivalent trees attached to Lyndon words and their relations 
with the free Lie algebra. Then, we present linear combinations of trees 
Tw corresponding to the dual situation and study some of their properties. 
From there, we review the construction of the differential graded algebra of 
i?-deco forest introduced in [GGL09J and study the behavior the sums Tw 
under the differential d cy . This leads to Theorem 13.441 and some relations 
satisfy by the coefficients appearing in this theorem (Cf. Equation |1| or 
Equation (J25])). 

• Section 0] proves our main Theorem. It begins with a purely combinato- 
rial statement relating the trees situation of Equation (ffi)]) to its modified 
geometric version used at Theorem l4.12l (Cf. also above Equations ^ and 
(J2]) ). Then, we present some properties of equidimensional algebraic cycles 
over P 1 \{0, 1, oo} and A 1 , study the relation between the two situation and 
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explain how the pull-back by the multiplication (resp. a twisted multipli- 
cation) gives a homotopy between the identity and the fiber at (resp. at 
1) pulled-back to a cycle over A 1 by p : A 1 — > {pi}. Finally, the above work 
allows us to construct inductively the desired families of cycle Cw and C w 
at Theorem EH 

• The last section is devoted to some concluding remarks. In particular, it 
present a combinatorial description that make it possible to write explicitly 
cycles Cw and C w in terms of parametrized algebraic cycles. Then, com- 
puting the integral attached to the cycle £oiij we show that it specialization 
at the point 1 is -2Q(2, 1). 

2. Cycle complex over P 1 \ {0, 1, oo} 

2.1. 1-minimal model and bar construction. We recall here some facts about 
the 1-minimal model of a commutative differential graded algebra. More details 
can be found in |Sul77| . [DGMS75] or |BK8 7], As explained in the introduction an 
underlying goal of this paper is to give an explicit description of the 1-minimal model 
of A/J?i 

\{o.i,oo} m terms of explicit parametrized algebraic cycles over P 1 \ {0, 1, oo}. 
An important idea in order to build the desired cycles is to follow step by step the 
inductive construction of the 1-minimal model reviewed below. 

2.1.1. Differential graded algebra. We recall some definitions and properties of com- 
mutative differential graded algebra over Q. 

Definition 2.1 (cdga). A commutative differential graded algebra A is a com- 
mutative graded algebra (with unit) A — 0„A™ over Q together with a graded 
homomorphism d = ffid™, d n : A" — > A n+1 such that 

• d n+1 o d n = 

• d satisfies the Leibniz rule 

d(a ■ b) = d(a) ■ b + (-l)"a • d(b) for a e A", b e A m . 

We recall that a graded algebra is commutative if and only if for any homogeneous 
elements a and b one has 

ab = (-l) dcg ( a ) dcg ^&a. 

Definition 2.2. A cdga A is 

• connected if A n = for all n < and A = <Q> • 1. 

• cohomologically connected if H™(A) = for all n < and H°(A) = Q • 1. 

In our context, the cdga involved are not necessarily connected but comes with 
an Adams grading. 

Definition 2.3 (Adams grading). An Adams graded cdga is a cdga A together 
with a decomposition into subcomplex A — (S p ^oA(p) such that 

• A(0) = Q is the image of the algebra morphism Q — > A. 

• The Adams grading is compatible with the product of A, that is 

A k {p)-A l (q) C A k+l (p + q). 

However, no sign is introduced as a consequence of the Adams grading. 

For an element a G A fc , we call k the cohomological degree and denote it by 
\a\ := k. In the case of an Adams graded cdga, for a G A k (p), we call p its weight 
or Adams degree and denote it by (a) := p. 
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2.1.2. l-minimal model. We assume all the commutative differential graded algebra 
to have an augmentation eA — > Q. Note that an Adams graded cdga A has a 
canonical augmentation A — > Q with augmentation ideal A + = ® p ^\A(p). 

We recall that the free commutative algebra A(E) over a graded vector space 
E = E Qdd © -Eleven is the tensor product of the exterior algebra on the odd part 
^odd an< ^ °f ^ e polynomial algebra on the even part -Eleven, 

A(E) = A*(^ odd ) ® Sym*(£ e ven). 

Definition 2.4 (Hirsch extension). An Hirsch extension of a cdga (A,d) is a cdga 
(A' , d') satisfying : 

(1) There exists a 1 dimensional graded vector space V — Qv of some degree k 
such that 

A' = A®A{V) 

(2) the restriction of d' to A is d and 

d(«) E A+ ■ A+. 

where A + denotes the augmentation ideal. 

Definition 2.5 (Generalized nilpotent cdga). A cdga A is generalized nilpotent if 
there exists a sequence of sub-differential algebra 

Q c A l c . . . c Ai c . . . 

such that 

• A = \JA l 

• Ai — Ai-i ® A(Vz) is an Hirsch extension; 

In particular, one has A = A(E) for some graded vector space E. More precisely, 
one should remark the following. 

Remark 2.6. Equivalently to the above definition, a cdga (A, d) over Q is generalized 
nilpotent if 

(1) As a Q graded algebra A — A(E) where E = -E odc j © -Eleven is a graded 
vector space; that is 

A = A(E odd ) ® Sym*(E ev en). 

(2) For n ^ 0, let A(„) C A be the sub-algebra generated by elements of degree 
^ n. Set A( n+1)0 ) = Ar n ) and for q ^ define inductively Ar n +i, q +i) as the 
sub-algebra define by At n ) and the set 

{x £ A {n+1) | d(x) e A( n+lig+1) }. 

Then, for all n ^ 0, one has 

= U ^("+1,9)- 

Definition 2.7. Let A be a cdga. A n-minimal model of A is a map of cdga 

s : M A {n} — > A 

with Ma{ti} generalized nilpotent and generated (as an algebra) in degree ^ n such 
that s induces an isomorphism on H fe for 1 ^ k ^ n and an injection on H" +1 

Theorem 2.8 f |Su!77| . see also [BK87])- Let A be a cohomologically connected cdga. 
Then, for each n = 1,2, . . . there exists an n-minimal model of A s : Ma{ji\ — > A. 
Moreover such an n-minimal model is unique up to non-canonical isomorphism. 
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We will here be only interested in the case of the 1-minimal model. We would like 
to recall below the construction of the 1-minimal model as described in [DGMS75J 
as it explains our approach to build explicit cycles in j\f'i^ loo i. It also illustrate 
the non-canonicity of the 1-minimal model. 

We recall below a possible construction for a 1-minimal model. 
Inductive construction of a 1-minimal model. 

Let A be a cohomologically connected cdga. 

Initialization: Set V\ = H 1 (A) totally of degree 1. Let (t>i, n )i<n^dim(Vi) be 
a basis of V\ and choose representative ai n in A of each v\. n . Now, define 
d\ : V\ — > V\ A V\ to be the map and s\ x : V\ — > A by s(vi, n ) = oi,n- 
Finally, set Mi = A(Vi) and extend s^ 1 to a cdga morphism s : Mi — > 

A. 

Inductive step: Assume that one has constructed the cdga s k ■ M% — 
A(Vfc) — > A for k > 1. Define 

Vfc+i =V k ® ker (H 2 (M fe ) — ► R 2 {A)) 

where ker(H 2 (M fc ) -> B 2 (A)) is totally in de gree 1. In order to define dk+i 
and Sfc+i one proceed as follow. 

Let (Vk+i,n) be a basis of ker(H 2 (Mfe) — > H 2 (A)). For each Vk+i. n choose 
a representative in A 2 (14), that is 



(4) 



a i,i v i A Uj 



'■J 



eH 2 (M fe ) = H 2 (A(F fc )) 



for some Uj and Vj in Thus, the image of Vk+i, n m H 2 (^4) is the class of 
/l<H,jSk(vi) ■ s k (vj) e A 2 

which has differential 0. Moreover, as Vk+i, n is in ker(H 2 (Mfc) — > H 2 (A)), 
one has some Ck+i. n in A 1 such that 

d(Ck+l,n) = / l<h,jSk(Vj) ■ S k (Vj). 



Now, one defines d k +i : Vk+i — > Vk+i A Vk+i which extends d k by sending 
: j cii.jVi A Vj and one defines s fc ^ 



to 2, j a>i,jVi A and one defines s^ 1 : Vfe + i — > A which extends 



s^ k by sending Wfc+i n to Cfc+i „. These definitions are summarized in the 



following diagram 



A 2 (T4) - > A 2 > A 3 



dk 



Vk+l,n I > J2i j a i,j v i A v j 1 * Hi j a i,J s k(vi) ■ S k (vj) h 



Sfc + l 



3c t+ i, n e A 1 



which describe the fact that Vk+i, n is in ker(H 2 (A/fc) — > H 2 (A)). 

Finally, set Mfe + i = A(14+i) with differential induced by dt+i and Sk+i : 
Mfc+i — >■ A to be the morphisms of cdga extending S/jiJ 1 - 
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One checks that s ; M = UMk — > A provides a 1-minimal model. This is insured 
by the fact that as each step creates some kernel in degree 2 which is killed at the 
next step in order to obtain the injection on the H 2 . □ 

The main point of the above construction is to build the underlying vector space 
Va of the 1-minimal model M^{1} = A(A). As explained in [BK94J, Va is endowed 
with a coLie algebra structure. It is a general fact for generalized nilpotent cdga. 

Lemma 2.9 ([BK94J [Lemma 2.29]). Let M be a generalized nilpotent cdga and V 
a vector space freely generating M as cdga. The differential on M induces 

d:V — y V A V 

giving V a coLie algebra structure, that is V is dual to a pro-finite dimensional Lie 
algebra with d dual to the bracket where the relation d o d = is dual to Jacobi 
identity. 

If one begins with an Adams graded cdga A, one will add an Adams grading to 
the above definition and properties. In particular, the construction of the 1-minimal 
model works similarly but one includes the induction into a first induction on the 
Adams degree. 

2.1.3. Bar construction. The bar construction over a c.d.g.a has been used in var- 
ious contexts and is reviewed in many places. However, as there do not seem to 
exist a global sign convention, the main definitions in the cohomological setting are 
recalled below following the (homological) description given in |VL12) . 

Let A be a c.d.g.a with augmentation e : A — y Q, with product ha and let A + 
be the augmentation ideal A + — ker(e). Define s to be a degree —1 generator and 
consider the degree 1 morphism 

Qs <gi Qs — y Qs. 

Definition 2.10. The bar construction B(A) over A is the tensor coalgebra over 
the suspension of sA + := Qs <g) A + . 

• In particular, as vector space B(A) is given by : 

B{A) = T(sA+) = 0(sA+)® n . 

• An homogeneous element a of tensor degree n is denoted using the bar 
notation (|), that is 

a = [sai | . . . \sa n ] 

and its degree is 

n n 

deg B (a) =^2deg sA +(a % ) = ^deg A ( ai ) - 1. 

i=l i=l 

• The coalgebra structure comes from the natural deconcatenation coproduct, 
that is 

n 

A([sai| . . . \sa n ]) = ^[sai| . . . |sa.;] ® [sa i+1 \ . . . \sa n }. 

i=0 

Remark 2.11. This construction can be can be related (Cf. |BK94| ) to the total 
complex associated to the simplicial complex 

The augmentation makes it possible to use directly A + without referring to the 
tensor coalgebra over A and without the need of killing the degeneracies. 
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However this simplicial presentation usually hides the need of working with the 
shifted complex. Here, we use the extra —1 generator s which makes it easier to 
understand the signs convention using the Kozul rules. 

We associate to any bar element [sai | . . . \sa n ] the function r/(i) giving its "partial" 
degree 

i i 

V(i) = Ydeg sA (sa k ) = ^(deg A (a fe ) - 1). 

k=l k=l 

The original differential d A induces a differential D\ on B(A) given by 

n 

Di([sai| . . . \sa n }) = -^(-l)*'- 1 )^! . . . \sd A ( ai )\ . . . \sa n ] 

i=l 

where the initial minus from comes from the fact the differential on the shifted 
complex sA is — d A - Moreover, the multiplication on A induces another differential 
Z?2 on B(A) given by 

n 

D 2 {[sa 1 \ . . . \sa n ]) = - ^(-1) ?,W [sail • • • Iwfai, a i+i)l • • • \ sa n] 

i=l 

where the signs are coming from Kozul commutation rules : the global sign in 
front of the i-th terms of the sum can be written as (-l)')( l - 1 )(-l) dc s(«)dcg A (a l )^ 
One checks that the two differentials anticommute providing B(A) with a total 
differential. 

Definition 2.12. The total differential on B(A) is defined by 

<Ib(A) = Di+D 2 . 

The last structure arising with the bar construction is the graded shuffle product 
[sai| • • • \sa n ] hi [sa n+ i\ . . . \sa n+m ] = Y (-l) £sr(CT) [sa CT (i) | . . . |sa CT ( n+m )] 

(T^s/i(n,m) 

where sh(n, m) denotes the permutation of {1, . . . , n+m} such that if 1 ^ i < j ^ n 
or n+l^i<j^n + m then a(i) < cr(j). The sign is the graded signature of the 
permutation (for the degree in sA + ) given by 

£ gr(v) = deg sA (sai) deg sA (saj) = ( de &A( a i) ~ ^(^EaM ~ !)• 

i<j i<j 
<r{i)><r(j) crW>o-(i) 

With this definitions, one can explicitly check the following. 

Proposition 2.13. Let A be a (Adams graded) c.d.g.a. The operations A, dg{A) 
and hi together with the obvious unit and counit give B(A) a structure of (Adams 
graded) commutative graded differential Hopf algebra. 

In particular, these operations induces on H (B(A)), and more generally on 
~H* (B(A)), a (Adams graded) commutative Hopf algebra structure. This algebra is 
graded in the case ofH*(B(A)) and graded concentrated in degree in the case of 
R°(B(A)). 

We recall that the set of indecomposable elements of an augmented c.d.g.a is 
defined as the augmentation ideal / modulo products, that is I /I 2 . Applying 
a general fact about Hopf algebra, the coproduct structure on H°(B(A)) (resp. 
K*(B(A))) induces a coLie algebra structure on its set of indecomposables. 

The bar construction is a quasi-isomorphism invariant and comparing a gener- 
alized nilpotent c.d.g.a. to its bar construction shows (see [BK94J) 
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Proposition 2.14 ([BK94J). Let A be a cohomologically connected c.d.g.a and let 

ip:M — > A 

be a minimal model of A. 

Defining QM (resp. QH*(B(A))) the set of indecomposable elements of M (resp. 
H*(B(A))), there is an isomorphism of coLie algebra 

<p Q :QM®sQ^Q H* (B(A)) 

canonical after the choice of if. 

2.2. General construction of Bloch-Kriz cycles complex. This subsection is 
devoted to the construction of the cycle complex as presented in [BI086, Blo97, 
IBK94l[Eev94] . 

Let IK be a perfect field and let be the algebraic n-cube 

□k = (P 1 \ l) n - 

When K = Q, we will drop the subscript and simply write for Insertion 
morphisms sf : 1 — > are gi ven by the identification 

□r 1 ~ n- 1 x {s} x 

for e = 0,oo. Similarly, for I C {!,..., n\ and e : I — > {0, 00}, one defines 
„s . r-\n- \i\ ™ 

b I ■ LJ K ' U K- 

Definition 2.15. A face F of codimension p of is the image sf for some 

I and e as above such that |/| = p. 

In other word, a codimension p face of D5 is given by the equation x, lh = Ek for 
k in {1, . . . ,p} and in {0, 00} where the usual affine coordinates 

on P 1 . 

The permutation group 6 n act on Dj| by permutation of the factor. 
Remark 2.16. 

• In some references as |Lev941 ILevll] for example, is defined to be the 
usual affine space A™ and the faces by setting various coordinates equal to 
0, or 1. This make the correspondence with the "usual" cube more natural. 
However, the above presentation, which agree with [BK94] or |GGL09j . 
makes some comparisons and some formulas "nicer". In particular, the 
relation between the construction in the setting = P 1 \ {1} and the 
Chow group CH 1 (X)q is simpler. 

• Let Cube be the subcategory of the category of finite sets whom objects are 
n = {0, l} n and morphisms are generated by forgetting a factor, inserting 
or 1 and permutation of the factors ; these morphisms being subject to 
natural relations. Similarly to the usual description of a simplicial object, 
□jf is a functor from Cube into the category of smooth K- varieties and the 
various are geometric equivalents of n. 

Now, let X be a smooth quasi-projective variety over IK. 

Definition 2.17. Let p and n be non negative integers. Let Z P (X, n) be the free 
group generated closed irreducible sub- varieties of X x of codimension p which 
intersect all faces X x F properly (where F is a face of D^)- That is: 

/ ( W is smooth, closed and irreducible \ 

Z / W C X x Dg such that < codim XxF (M/ n X x F) = p \ 
\ [oTWnXxF = d} I 

Remark 2.18. 

• A sub- variety W of X x □£ as above is admissible. 
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• As pi : □jg — >• □]£ 1 is smooth, one has the corresponding induced pull-back: 
p*:Z p (X,n-l)^Z p (X,n). 

• sf induces a regular closed embedding X x EG 1 — >• X x EE 1 which 
is of local complete intersection. As we are considering only admissible 
cycles, that is cycles in "good position" with respect to the faces, sf induces 
sf* : Z p (X,n) -+ZP(X,n- 1). 

• The morphism d = Yli=i(~ l) l_1 ( s i'* — s i°'*) induces a differential 

Z p (A,n) Z p {X,n-l). 

One extends the action of &„ on □{! to an action of the semi-direct product 
G n = (Z/2Z)" x (5 n where each Z/2Z acts on by sending the usual afhnc 
coordinates a; to 1/x. The sign representation of 6 n extends to a sign representation 
G n i — !> {±1}- Let Alt n £ Q[G n ] be the corresponding projector. 

Definition 2.19. Let p and fc be integers with p > 0. One defines 

JV£(p) = Mt 2p - k (Z(X, 2p-k)® Q). 

We will refer to k as the cohomological degree and to p as the weight. 

Remark 2.20. In this presentation, we did not take care of degeneracies (images in 
Z(X, n) of p*) because we use an alternating version with rational coefficients. For 
more details, one should see the first section of |Lev09| which presents the general 
setting of cubical objects. A similar remark was made in [BK94J [after the equation 
(4.1.3)]. 

Definition 2.21 (Cycle complex), for p and k as above, the pull-back 

sf* :Z p {X,2p-k) — > Z p {X,2p-k-\) 

induces a morphism df : N x (p) — > ^'x +1 (p)- Thus, the differential d on Z p (X, 2p— 
k) extends into a differential 

2p-fe 

1=1 

Let M x (p) be the complex 

M' x {p) : >N x {p) -A M k x +l {p) -> •• ■ 

One defines the cycle complex as 

A/I = Q0A/I(p). 

p^i 

Levine has shown in [Lev94j[§5] or [Levi lj [Example 4.3.2] the following propo- 
sition. 

Proposition 2.22. Concatenation of the cube factors and pull-back by the diagonal 

AxD^xAxEI^^AxAxESxEI^AxAx Cl^ +m X x El^ +m 
induced, after applying the Alt projector, a well-defined product: 
N x {p)®N x {q)^N x + \p + q) 

denoted by ■ 

Remark 2.23. The smoothness hypothesis on X allows us to consider the pull- 
back by the diagonal Ax : X — > X x X which is in this case of local complete 
intersection. 

One has the following theorem (also stated in |BK94i lBlo97| for X = Spec(K)). 
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Theorem 2.24 ([Lev94j). The cycle complex M x is a differential graded commu- 
tative algebra. In weight p, its cohomology groups are the higher Chow group of 
X: 

H k (Nx(p)) = CR P (X, 2p - k)q, 
where CU P (X, 2p - k) q stand for CR P (X, 2p - k) <g> Q. 

Moreover, one easily has flat pull-back and proper push-forward. Using Levine's 
work |Lev94| . one has more general pull-back on the cohomology group; one could 
also use Bloch moving Lemma |Blo94| . 

2.3. Some properties of Higher Chow groups. In this section, we present 
some well-known properties of the higher Chow groups and some applications that 
will be used later. Proof of the different statements can be found in [Blo86| or 
|Lev94j . 

2.3.1. Relation with higher K-theory. Higher Chow groups, in a simplicial version, 
were first introduced in |Blo 86j in order to understand better the K groups of 
higher i^-theory. Levine in [Lev94j [Theorem 3.1] gives a cubical version of the 
desired isomorphisms: 

Theorem 2.25 ([Lcv94j). Let X be a smooth quasi-projective K. variety and letp, 
k be two positive integers. One has : 

CH p (X, 2p - k)q ~ Gr^ K 2p _ k (X) <g> Q 

In particular, using the work of Borel [Bot74], computing the K groups of a 
number fields, one finds in the case K = Q and k = 2: 

(5) CH p (Q,2p-2) Q ~Gr^ 2p _ 2 (Q)®Q = 

2.3.2. A 1 -homotopy invariance. From Levine [Lev94j [Theorem 4.5], one deduces 
the following proposition. 

Proposition 2.26 ([Lev94j). Let X be as above and p be the projection p : X x 
A 1 — > X. The projection p induced a quasi-isomorphism for any positive integer 
P 

p* :N' x {p) q ^N' XxK1 {p) 
Moreover, an inverse of the quasi-isomorphism is given by : H fc (A/^- xA i (p)) — > 

Remark 2.27. The proof of Levine's theorem also tells us how this quasi-isomorphism 
arise using the multiplication map A 1 x A 1 — > A 1 and this leads us to the proof 
of Proposition ^. Ill 

We now apply the above result in the case of K = Q and X — Spec(Q), and use 
the relation the if-theory via Equation §5§ . 

Corollary 2.28. In the case of K = Q, the second cohomology group of A/^i 
vanishes: 

Vp > 1 H 2 (A^! (p)) ~ GH p (A 1 ,2p - 2) Q ~ CH P (Q, 2p - 2) Q = 0. 
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2.3.3. Localization sequence. Let W be a smooth closed of pure codimension d sub- 
variety of a smooth quasi-projective variety X. Let U denote the open complement 
U = X \ W. A version adapted to our needs of Theorem 3.4 in |Lev94| gives the 
localization sequence for higher Chow groups. 

Theorem 2.29 f |Lev94) L Let p be a positive integer and I an integer. There is a 

long exact sequence 

(6) 

► CH P ((7, 1 + 1) Q — > CR p - d (W, Oq CH P (X, I)q A CH P (C/, J)q — >• ■ • ■ 

where i : W X denotes the closed immersion and j : U — > X the open one. 

Remark 2.30. i* and j* are the usual push-forward for proper morphisms and pull- 
back for flat ones. 

In order to study the cycle complex over P 1 \ {0, l,oo}, we begin by applying 
the above theorem to the case where X = A 1 , U = P 1 \ 0, 1, oo and W — {0, 1}. 

Corollary 2.31. We have the following description of H fc (.A/j?n r l ^x): 

H*CA/?i\ {0j i,oo}) - H fe (A^) © H*" 1 ^) ® QL © H*" 1 ^) © QLj, 

where Lq and L\ are in cohomological degree 1 and weight 1 (^/ia£ is o/ codimension 
I)- 

Proof. The above long exact sequence gives 

> GIP- 1 ({0, 1}, 0q CtP(A\ Oq — > CIP(A, Oq A 

CHP-^jO, 1}, I - 1) Q ^ CH P (A X , Z - 1) Q — > • ■ • 

The map i* is induced by the inclusions zo and i\ of and 1 in A . As ig : -A/"Ti — )• 
■A/?qi j and more generally i* for any K point a; of A 1 , is a quasi-isomorphism inverse 
to p* , the Cartesian diagram 

► Spec 



shows that ig,* (and respectively are on cohomology. 

In particular, the sequence becomes short exact. Thus, using the homotopy 
property and the fact that CH p ({0, 1}, I) ~ CtP(Spec(Q), I) © CtP(Spec(Q), I) one 
gets the following short exact sequence 

0^CtP(Spec(Q),0 Q — » CH p (X,0q A CH p - 1 (Spec(Q), Z - 1)® 2 ^0 

Thus, one obtains an isomorphism 

CW(X, Oq ^ CW(A\l) Q © CH f, - 1 (S P ec(Q), i - l)® 2 . 

The relation between the cohomology groups of A/"jf (p) and the higher Chow groups 
conclude the proof. □ 

Remark 2.32. The generators Lq and L\ can be given in terms of explicit cycles in 
\{0,i,oo} ( see Subsection |2J3|). 
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2.4. Cycle complex over P 1 \ {0,1, 00} and mixed Tate motives. Levine in 
|Levll| makes the link between the category of mixed Tate motive (in the sens of 
Levine [Lev05j or Voevodsky [VoeOOj) over a base X and the cycle complex Mx- ■ 
The relation between mixed Tate motives and the cycle complex has been developed 
before for X = Spec(K), the spectrum of number field by Bloch and Kriz [BK94 . 

We now assume that K is a number field and X still denotes a smooth, quasi- 
projective variety over K. We will work with Q coefficients. 

Under more general conditions Cisinski and Deglise [CD09] have defined a tri- 
angulated category DM(X) of (effective) motives over a base with the expected 
property . Levine's work |Lev93[ ILevll| shows that if X satisfies the Beilinson- 
Soule vanishing conjecture then one obtains a tannakian category MTM(X) of 
mixed Tate motives over X as the heart of a i-structure over DMT(X) the smallest 
full triangulated subcategory of DM(X) generated by the Tate motive Qx(n). The 
whole construction is summarized in |Levll| . 

Together with defining an avatar oiAfx in DM(X), Levine [Levi 1| [Theorem 5.3.2 
and beginning of the section 6.6] shows that when the motive of X is in DMT(K) 
and satisfies the Beilinson-Soule conjecture one can identify the tannakian group 
associated with MTM(X) with the spectrum of the H° of the bar construction (see 
Section 12.1. 3p over the edga Mx '■ 

Gmtm(x) - S P ec(H°(S(A6f )))■ 

Then, he used a relative bar-construction in order to relate the natural mor- 
phisms 

p* : DMT(Spcc(K)) — ► DMT(l) x* : DMT(l) — > DMT (Spec (K)), 

induced by the structural morphism p : X — > Spec(K) and a choice of a K-point x, 
to the motivic fundamental group of X at the based point x defined by Goncharov 
and Deligne, -K X mot (X, x) (see |Del89j and |DG05| ). 

In particular, applying this to the the case X = P 1 \ {0, 1, 00} and K = Q, one 
has the following result. 

Theorem 2.33 ( [Levi 1| [Corollary 6.6.2]). Letx beaQ-point of X = P x \{0, l,oo}, 
one has a split exact sequence: 

1 > rt lot {X,x) > Spec(H°(B(J\&))) Spec(H°(B(A^))) > 1 




where p is the structural morphism p : P 1 \ {0, 1, 00} — > Spec(Q). 

We want to apply results of section HOI to the case A = Af x for X = Spcc(Q), 
X = A 1 and X = P 1 \ {0, 1, 00}. 

Lemma 2.34. The edga -A/"spec(Q)' -^A 1 ^ A?i\{o 1 00} are cohomologically con- 
nected. 

Proof. The case of AT*± follows by A 1 homotopy invariance from the case of J^"spec(Q) 
which is deduced from the works of Borel }Bor74| using the relation with the higher 
Chow groups. One deduces the case of A/J?iw x ^ from the Spec(Q) case using 
the localization long exact sequence as in Corollary 12.311 □ 

Let co£q, co£ai and co£x denote the coLie algebra generating the 1-minimal 
model of A/"* pcc( -Qj, Af^i and Ajjnrj 1 ^ respectively. The relation between the 

indecomposable of the H° of the bar construction and the 1-minimal model (see 
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[BK941 ILevll| or a short review in section 12. 1.3p allows us to reformulate Theorem 
12.331 in terms of coLie algebras. 

Proposition 2.35. One has a split exact sequence of coLie algebras: 
> Co£q > CO&X > CoZgeom > 

where co£ geom is dual to the Lie algebra associated to 7T^j 0t (X, x). 

In particular coZ geom is related to the graded dual of the free Lie algebra on two 
generators Lie(Xo,-Xi). 

2.5. Algebraic cycles corresponding to polylogarithms. Now, and until the 

end of the article, X denotes P 1 \ {0, 1, oo} and we assume that K = Q. 

In this section, we present our strategy to build general cycles in Af x correspond- 
ing to multiple polylogarithms on the simple case of the polylogarithms, Ci n . We 
will pay a special attention to the Totaro cycle which is known to correspond to 
the function Ci2(z) and then explain how the construction is generalized to ob- 
tain cycles already present in |BK94| and |GGL09) corresponding to the functions 
£i„0). 

2.5.1. Two weight 1 examples of cycles generating the H 1 . We want to build cycles 
in Af x in order to obtain the inductive construction of the 1-minimal model. It will 
mean to 

(1) find in M\ linear combinations of product of already built cycles that are 
boundaries, that is d(c) for some c in M x (see Equation 

(2) explicitly build the desired c. 

But the first step begins with a basis of H 1 (A/"JJ-). However, as we want only a 
description of co£x relatively to co£q, we do not want to consider a full basis of 
H 1 (A/"JJ-). We have seen that H 1 (Af x ) (Corollary [MJ) is the direct sum of H x (.A/q) 
and two copies of H°(A/q). 

Lemma 2.36. Let Tq and Ti be respectively the graph of po : X — > P 1 \ {1} = D 1 

which sends t to t and the graph of pi : X — > P 1 \ {1} = D 1 which sends t to 
1 — t. Then, Tq and Ti define admissible algebraic cycles in X X □ , applying the 
projector Alt on the alternating elements gives two elements Lq and L\ in M x and 
one has 

n 1 (*&\{ ,i, O o}) - H'TO © H°(A/"q) (8 QL © H°(A^) ® QLj. 

Speaking about parametrized cycles, we will usually omit the projector Alt and 
write 

L = [t; t] and L 1 = [t;l-t] C X x D 1 
where the notation [t; f(t)] denotes the set 

{(*,/(*) such that t e X)}. 

Proof. First of all, one should remark that Lq and L\ are codimension 1 cycles in 
X x D 1 = X x D 2 * 1-1 . Moreover as 

L n X x {e} = L a n P 1 \ {0, 1, oo} x {s} = 0, 

for e = 0, oo, Lq is admissible (intersect all the faces in the right codimension or not 
at all) and gives an element of J\f x (l). Furthermore, the above intersection tells us 
that d(Lo) = 0. Similarly one shows that L\ gives an element of M x iX) and that 
d(Li) = 0. Thus Lq and L\ gives well defined class in H 1 (A/'^(1)). 
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In order to show that they are non trivial, one shows that, in the localization 
sequence ©, their images by the boundary map 

H 1 (Aa(l))^H°(AA { - o} (0))©H o (^ { - 1} (0)) 

are non-zero. It is enough to treat the case of Lq. Let Lq be the closure of Lq in 
A 1 x D 1 . Indeed, Lq is given by the parametrized cycle 

T7 {) = [t; t] C A 1 x D 1 

and the intersection with the face u\ — is of codimension 1 in A 1 x {0} and the 
intersection with u\ = oo is empty. Hence Lq is admissible. 

Thus, considering the definition of <5, S(Lq) is given by the intersection of the 
differential of Lq with {0} and {1} on respectively, the first and second factor. The 
above discussion on the admissibility of Lq tells us that 8(Lq) is non zero on the 
factor H°(7V" j (0)) and on the other factor as the admissibility condition is trivial 
in H°(7V* o j(0)) and the restriction of Lq to 1 is empty. The situation is reverse for 
Lx. □ 

Later we will consider cycles depending on many parameters and denote by 
[t;/i(t,x),/ 2 (i,x),...,/ n (t,x)] cXx 
the (image under the projector Alt of the) restriction to X x □" of the image of 

X x (P 1 ) fe > X x (P 1 )™ 

(*,x) I > (t J /i(t,x),/ 2 (t,x) J ...,/„(t,x)). 



2.5.2. A weight 2 example: the Totaro cycle. One considers the linear combination 

b = L -L 1 &N%{2). 

It is given as a parametrized cycle by 

b = [t;t, 1 - t] C X x D 2 

or in terms of defining equations by 

TiVi - UxT 2 = and U X V 2 + U 2 V X = V{V 2 

where T\ and T 2 denote the homogeneous coordinates on X = P 1 \ {0, 1, oo} and XJ; L . 
Vi the homogeneous coordinates on each factor D 1 = P 1 \ {1} of D 2 . One sees that 
the intersection of b with some faces (C/j or Vi =0 for some i's) is empty because 
T 2 is different from and oo in X and because U{ is different from Vi in D 1 . This 
comments insures b is admissible. 

Moreover it tells us that d(b) = 0. So b gives a class 

[6]GH 2 (A^(2)). 

We will now show that this class is trivial. 

Let b denote the algebraic closure of b in A 1 x D 2 . As previously the intersection 
with A 1 x F for any face F of D 2 is empty ; and b (after applying the projector 
Alt) gives 

6 6^(2). 

Writing d^i the differential in Aa 1 , one has d^i(b) = and a class 

[6]GH 2 (A/- A \(2)). 

As, Corollary |2~251 insures that H 2 (A"Xi(2)) = CH 2 (A\2) = 0, there exists c <E 
A^i (2) such that 

d A i (c) = b. 
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Moreover, one remarks that &|o = b\% = 0. The multiplication map 

A 1 x D 1 x D 2 -^-> A 1 x D 2 f [t; Ul ,u 2 , u 3 ] I > [_JL_ ; U2jti3 ] 

is flat. Hence, one can consider the pull-back by /i of the cycle b. This pull-back is 
given explicitly (after reparametrization) by 

H*(b) = [f;l - —,xu 1 - ii] c A 1 x D 3 . 

Xi 

This is nothing but Totaro's cycle |Tot92j . already described in |BK941 [Blo9T] 
and gives a well defined element in Af\ t (2). 

Definition 2.37. Let Loi = Li^ denote the cycle 

ioi = [t; I - — , xi, I - xi] C X x D 3 

X\ 

inj\&(2). 

From the parametrized expression above, one sees that: 
Lemma 2.38. The cycle Lq± satisfies the following properties 

(1) d(L Q1 ) = b. 

(2) Lqi extends to A 1 that is it closure in A 1 x D 3 gives a well defined element 
mAA A \(2). 

(3) Loi|t=o = a nd Loi|t=i is we H defined. 

Remark 2.39. Moreover, Lqi corresponds to the function t i— > Li2(t) as shown in 
|BK94j or in [GGL09| . 

This conclude the first inductive step of the f-minimal model construction de- 
scribed at (g]). 

2.5.3. Polylogarithms cycles. By induction, one builds Li^ y = Lo-oi- We define 
LiJ y to be equal to L\. 

Lemma 2.40. For any integer n ^ 2 there exists cycles Li^ y in Nxi n ) satisfying 

(1) d(u°y) = L .u c v_i 

(2) Lijj 1 ' extends to A 1 that is it closure in A 1 x D 2 " 1 gives a well defined 
element in Afh (n). 

(3) Li^ | t= o = an d Li° y \ t= \ is well defined. 

(4) lA^ is explicitly given as a parametrized cycle by 

[t; 1 - — ,!„-!, f - — ,x„_ 2 , ....l-^n.l-iJcXx D 2 "" 1 

Xn— 1 ^n — 2 -^1 

Proof. For n = 2, we have already defined Li^ = Loi satisfying the expected 
properties. 

Assume that one has built the cycles Li^ for 2 ^ k ^ n. As previously, let 6 be 
the product 

b = L ■ Li^ = [t;t, 1 —,X n -2, 1 ~ ^^lEn-S, ... ,1 - — - x{\. 

Xn — 2 X n — 3 Xi 

and 6 its algebraic closure in A 1 x D 2 ™~ 2 . 

Computing the differential with the Leibniz rule, one gets d(b) = —Lq ■ Lq ■ 
Li^_ 2 = and b gives a class in H 2 (A/"JJ- (n)). 
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Using the expression as parametrized cycle one computes the differential of b in 

2n-2 

(7) a A x(5)= -ar v (5)) = o 

i=l 

as many terms are empty because intersecting with a face Ui = 0, oo on a factor D 1 
leads to a 1 appearing on another D 1 while the other terms cancel after applying 
the projector Alt. 

As in the case of Li^, b gives a class in H 2 (A/"*i (2)) = by Corollary 12.281 and 
there exists c £ Afh such that 

d A i (c) = b. 

As ]~>i°n-i \t=o — b\t=o = and the element c is given by the pull-back by the 
multiplication 

A 1 x D 1 x D 2n - 2 A 1 x D 2 "- 2 

given in coordinates by 

[t; ui,u 2 ,..., w 2n -i] I > [j^;u 2 , . . . , u 2n _i] 

Reparametrizing the factor A 1 and the first D 1 factor, one writes c = n*(b) 
explicitly as a parametrized cycle 

c = [t; 1 — ,x„_i, 1 - -,x„_2, . .., 1 - — - xi] C A 1 x D 2 ™ -1 . 

Xn— 1 X n — 2 Xi 

Now, let Li ra y be the restriction of c to A/^(n) that is the parametrized cycle 
Li^_ x = [i; 1 - — , x„_ l5 1 - — , x„_ 2 , . . . , 1 - — , Xl , 1 - xi] C X x U 2n -\ 

Xn— 1 X n — 2 Xi 

The different properties, c?(Li„ y ) = Lq ■Li c ^_ 1 , extension to A 1 , Li^f | t= o = 0, can 
now be derived easily either for the explicit parametric representation or using the 
properties of c. □ 

Remark 2.41. In Equation the fact that d^i 1 (b) = is related to the induction 
hypothesis \t=o = as in terms of cycles one has exactly 

6 n A 1 x {0} x □ 2 ™' 3 Li„ a _ 1 | t=0 . 

The other terms in the differential are related to the equation satisfied by Li^j 
in Nx(n — 1) and giving 

8(b) = L -L Q - Li%_ 2 = 

and even if Lq is not defined in A/"*i the fact that Li^ y |^=o = insures that the 
product really correspond to an element in A/"*i . 

Remark 2.42. • One finds back the expression given in [BK94 or in [GGL09J.. 

• Moreover, Li ra y corresponds to the function 1 1-> Li n (i) as shown in [BK94J 
or in |GGL09] , 

• The construction is given in full details for more general cycles in Section @] 
and is nothing but a direct application of Theorem 14. 121 to the word • • ■ 01 
(with n — 1 zero) . 

The case of cycles Li^ is however simple enough to be treated by itself 
as the "good" case. 

• It is a general fact that pulling back by the multiplication preserve the 
empty fiber at t — property as proved in Proposition! 
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2.6. Admissibility problem at t = 1 in weight 3. It seems to the author that 
the first attempt to define algebraic cycles corresponding not only to polylogarithms 
but also to multiple polylogarithms was done by Gangl, Goncharov and Levin in 
|GGL09| . In their work, they have succeeded to build cycles corresponding to the 
value Li nij ....„ fc (a;i, . . . ,Xk) for fixed parameters Xi in a number field F with the 
condition Xi ^ 1 and Xi ^ Xj for i ^ j. However, their cycles are not admissible if 
one removes the conditions on the xt . One develops in this section, the first example 
where such a problem appears, beginning by a review of the general strategy. 

2.6.1. Review of the strategy. In order to build the 1-minimal model of Af x , we 
have first given generators of H (A/"J^). Then, assuming, one has already built some 
cycles Ci in Af x , one want to find generators of 

ker (H 2 (A 2 (Q < >)) — > H 2 (A^)) . 

In order to do so, we want to find linear combination of products 

b = ai 'i Ci ■ C J e A2 (Q < c i >) 

such that 

• d{b) = (that is b <= H 2 (A 2 (Q < c, >))), 

• b is a boundary (that is there exist c in Af x such that d(c) = b). This tells 
us that b is in the kernel of (H 2 (A 2 (Q < a >)) -> R 2 {Af x ). 

The product Af x ® A/jf — > A/y being anti-commutative, we have above identified 
the operations in A 2 (Q < c, >) and in Af^- 

The strategy consists in looking for linear combinations 

b = ^2ai,jCi -Cj eAfx 

satisfying 

(1) d(b) = 0, 

(2) b extends to A 1 as b 6 A^i, 

(3) 9 A x(6) = 0. 

Then as H 2 (A^!) = (Corollary dM]), one gets a c given by the pull-back by the 
multiplication A 1 x D 1 — > A 1 such that 

d A i (c) = b. 

The desired c is the restriction of c to X = P 1 \ {0, 1, oo}. 

Remark 2.43. The method described above was put in motion for the polylogarithm 
example with b — LqLi1^ i _ 1 . The main result of Section [3] is to give a first general 
form for the b. 

Below is the first example which uses the cycle L\ in b and where both geometric 
and combinatorial key points arise. 

2.6.2. The algebraic cycle Lou- The cycle Loi was defined previously, so was the 
cycle Looi — Lig y by considering the product 

b = Lq ■ Lqi. 

Now, one would like to consider also the product 

b = L al -L 1 6 A/" 2 (3), 
given as a parametrized cycle by 

b=[t;l-—,xt,l-x 1 ,l-t] C X x D 4 . 

Xi 

From this expression, one sees that d(b) — because (el can not be equal to 1. 
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Let b be the closure of the defining cycle of b in A 1 x D 4 , that is 

b= j(t, 1- — ,x 1: 1 - xi, 1 - t) such that t G A 1 , ari eP'J. 

Let F be a face of D 4 and denote the coordinates on each factor D 1 . One 
necessarily has Ui ^ 1. If F is contained in an hyperplane defined by u 2 = oo or 
1/3 = oo, then, as u\ ^ 1, one gets 

bn A 1 x F = 0. 

Similarly, one gets an empty intersection of b with a face contained in « 4 = oo 
because t G A 1 is different from oo. This remark reduces the case of F contained 
in tti = oo to the case F contained in u 2 = which gives an empty intersection as 
U3 ^ 1. By symmetry, the intersection with F contain in u 3 = is also empty. 

In order to prove that b is admissible and give an element in A/j[i it remains to 
check the (co)dimension condition on the three remaining faces : u\ = 0, u 4 = and 
Ml = u 4 = 0. The intersection of b with the face ui = u 4 = is empty as u 2 / 1. 
The intersection 6 with the face defined by u\ = or u 4 = is 1 dimensional and 
so of codimension 3 in A 1 x F. 

Remark 2.44. Let F® denote the face of D 4 defined by u 4 = 0. The intersection of 
b with X x F 4 ° is empty as t ^ 1 in X = P 1 \ {0, 1, oo}. 

From the above discussion, one gets a well defined element, written again b, in 
A/^i (3). Computing the differential in Af^ gives, as the intersection with u\ = is 
killed by the projector Alt, 

d A i(b) = -L i|t=i ^0 

and 6 do not gives a class in H 2 (A/^i). 

In order to by pass this, one introduces the constant cycle Loi(l) m -A/x(2) 
defined by 

ioi(l) = [t;l- —,X!,1- X!,l -t] C X x D 3 . 
The cycle Loi(l) satisfies 

Va G X ioi|t=o = ioi|t=i- 

and extends to a well defined cycles in A/^i (2). 

Instead of considering the product Loi 1 ^li one looks at the linear combination 

(8) 6=(Loi-Loi(l))-Li G7V^(3). 

As above, one checks that b extends to a well defined element b in A/^i(3). The 
correction by — Xoi(l) • ii insures that 

9(6) = 0, d A i(b)=0, 6| t=0 = 0- 

Computing the pull-back by the multiplication : A 1 x D 1 — ► A 1 ; one wants to 
define Lou m ■A/x(3) as the parametrized cycles 

(9) L ii = [i; 1 - — , 1 - — ,xi, 1 - xi, 1 - x 2 ] 

X 2 Xi 

+ [t;l - — ,1 - x 2 ,l - — ,X!,1 -xi\ G X x D 5 

X 2 Xi 

As, t ^ 1 in X = P 1 \ {0,1, oo}, one easily check that L n is an admissible on 
X x D 5 and gives a well defined element in JVjf (3). An explicit computation gives 
also that 

(10) d(Lon) = b = (Loi - ioi(l)) • Ll 
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Remark 2.45. However, one should emphasis that 

• Lou is n °t admissible on A 1 x D 5 due to an issue at the point t = 1. 

• This non-admissibility problem is the same faced by Gangl, Goncharov and 
Levin in |GGL09j . 

Section 2] will explain how to obtain general cycles admissible at t = 1 and the 
particular example of a cycle £011 related to Lou above will be detailed at Section 

Remark 2.46. Even if Lon is not admissible at t = 1, one could go on, looking for 
"good" linear combination of product. In particular in weight 4, one could consider 

(11) b = L ■ L ii + L 00 i ■ Li - Looi(l) • L>\ + L i ■ L i(l) 
and remark that 

• The terms Lq ■ Lqh + Looi ' Li correspond to a principal part related to the 
free Lie algebra Lie(Xo,Xi) as explained in Section 15721 

• The term Loi'-^oi(l) cancels with the the correction — Loi(l)-Li introduced 
earlier for Lou and insures that d(b) = 0. It corresponds to "a propagation" 
of the correction introduced for Lou. 

• The term — Looi(l) • Li is similar to the correction — Loi(l) • L\ introduced 
earlier for Lou and insures that d^{b) = 0. 

• The two correction terms are related to the principal part by some special 
differential on rooted trivalent trees as will be explained in Section [3.41 

3. Combinatorial settings 

In this paper a plane or planar tree is a finite tree whose internal vertices are 
of valency ^ 3 and where at each vertex a cyclic ordering of the incident edges are 
given. We assume that all other vertices are of valency 1 and call them external 
vertices. 

A rooted tree is a planar tree as above with one distinguished external vertex 
of valency 1 called its root. In particular a rooted tree has at least one edge. The 
external vertices which are not the root are called leaves. 

We will draw trees so that the root vertex is at the top and so that the cyclic 
order around the vertices is displayed in counterclockwise direction. 

3.1. Lyndon words and the free Lie algebra Lie(Xo,Xi). The material devel- 
oped in this section is detailed in full generality in [R eu93l IReu03j and recalls the 
basic definitions and some properties of the free Lie algebra on two generators and 
its relations to trivalent trees and Lyndon words. 

3.1.1. Trees and free Lie algebra. Recall that a Lie algebra over Q is a Q vector 
space L, equipped with a bilinear mapping [ , ] : L ® L — > L, satisfying the two 
following properties for any x, y, z in L: 

(12) [x,x}=0 

(Jacobi) [[x,y]z] + [[y,z],x] + [[z,x],y] = 0. 

Remark 3.1. Note that applying the first relation to [x + y, x + y], one obtains the 
antisymmetry relation 

[x,y] = -[y,x]. 

Thus, we may rewrite Jacobi identity as 

= [x, [y,z,]] + [[x,z,],y]. 
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Definition 3.2. Given a set S, a free Lie algebra on S over Q is a Lie algebra L 
over Q together with a mapping i : S — » L with the following universal property : 
For each Lie algebra K and each mapping / : S — > K, / factors uniquely through 

L. 

In what follows, we will only consider S to be a set with two elements, either 
5 = {0,1} or S={X ,X 1 }. 

One is used to see the free Lie algebra on {Xo, Xi} as a subspace of Q < Xq, X\ > 
(its enveloping algebra), the space of polynomials in two non commuting variables 
Xq and X±. Let Lie(Xo,Xi) denote this free Lie algebra. 

In order to show the existence of free Lie algebras, one usually uses a tree rep- 
resentation. 

Definition 3.3. Let 7q™ denote the Q vector space generated by the set T'™ of 
rooted, planar, trivalent trees with leaves decorated by and 1. 

For two trees T\, T 2 in T*™ defined T\ ^T 2 to be the tree obtained by joining the 
root (marked by a circle around the vertex) of T\ and T 2 and adding a new root: 




The set T tr% is isomorphic to the free magma on {0,1} a branch ^ in a tree 
corresponding to a bracketing in a well-formed expression. 

The composition law ^ extends by bilinearity to 7q™ '■ Let Ij ac denote the ideal 
of 7q" generated by the element of the form T j^T and 

The quotient Tq™ /Ijac is a Lie algebra with bracket [ , ] given by j^; in fact it is a 
free Lie algebra on {0, 1}. 

Identifying {0, 1} to {Xo, X{\ by the obvious morphism and using the correspon- 
dence 1 -H- [ , ] , one obtains 

Lemma 3.4. The quotient 7~ ite — Tq n /Ij a c is isomorphic to Lie(Xo,Xi). 

For T in T tri let [T] denote its image in T Lle 
3.1.2. Hall set. Each tree T in T trl is either a letter T = f for a € {0, 1} or is of 

a 

the form T = T X ^T 2 ; one writes S* r for the set {f 

01 

Definition 3.5 ([Reu93j). A subset H of T*™ is a Hall set if the following condi- 
tions hold: 

total order <. 

. S r = {<f,<f}cif. 
1 

• for any tree T = Tij^T 2 in H \ S T , one has T 2 e H and 

(13) T<T 2 . 

• For any tree T = T x j^T 2 in T trl \S T ,Tis in H if and only if 

(14) Ti, T 2 are in H and T < T 2 , 

(15) and either Ti G S'r or Ti = T'^T" with T" > T 2 . 

Remark 3.6. In [Reu03 , Reutenauer begins with a total order on T*" satisfying 
r = Ti 1 T 2 G 7^" \ 5* r => T < T 2 . 
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Then, he defines the Hall set relative to the order < as the subset of T tn containing 
Sf and satisfying the last condition of the above definition (Equations (TT4")) and 
(JT5J) ) . This gives the existence of Hall sets. 

Zorn's Lemma (even if it may be overwhelming) implies that, beginning with a 
Hall set as in Definition 13.51 the total order on H induces a total order on T tri 
satisfying 

T = Ti jyT 2 e T* rt \S r ^T <T 2 . 

Theorem 3.7 ( |Reu03| [Theorem 4]). Let H be a Hall set ofT trl . The element [T] 
for T in H form a basis of T Lte — Lie(Xo,Xi). 

We would like to review below the algorithm showing that the elements [T] for 
T G H generate f Lle adding some extra information that will be used latter. 

The algorithm described in [Reu03j [Section 9] goes essentially as follows. Con- 
sider the total order < on T'" and let T = T\ ^T 2 with T t < T 2 be a tree in T*™. 
Then either T is in H or T x = T' ^ T" with T" < T 2 and we can also assume that 
T' < T" . Then one writes in T Lle 

[T] = [T^Tt] = [[Tx], [T 2 ]] = [[T'j^T"}, [T 2 ]] 

= [[[T'],[T"]],[T 2 ]] 
= [[[T'],[T 2 ]],T''} + [[T'},[[T"},[T 2 }}} 

(16) =[(r'ir 2 )ir] + [T'!(T"ir 2 )] 

and concludes using an induction on both the sum of the degrees of T± and T 2 and 
the maximum of T\ and T 2 . This insures that the algorithm terminates. 
In this algorithm, we want for latter use to keep track of 

• brackets that are 0, that is there is a subtree of the form T IT. 

• evolution of the position of a distinguished leaf of the original tree. 

In [Reu93 [proof of Theorem 4.9], Reutenauer gives the same algorithms but going 
in the other direction : beginning with the smallest subtree T$ of T which is not in 
H . For our purpose, we will modify this first algorithm given by Reutenauer. 

Let T^ r jr in denote the set of finite sequences 1 of triples (Tj, qi,kt) in T tn x Z x N* 
such that for any i, ki denotes the position (beginning on the left going to the right) 
of a leaf of Tj . 

Let 1 = (Ti,qi, fei)i<j<jv be an element of 7^jr m . Define Dec(T) in 7^jr m as 
follows. 

(1) for i in 1 < i ^ N, beginning with T° = X, define T ( = (Tj,q\, k\)i^ Nl as 
follows 

Let j = N +1 — 1. If T 1 - 1 is in H then let 1 l = % l ~ x . 

(2) Else considers the smallest subtree T' j^T" of tJ _1 which is not in H. In 
particular V and T" are in H. Then, either V < T", or T = T" or 
T' > T". Let nj be the number of leaves of Tj and the position of the 
leaves of T (resp. T") in Tj to be in (resp. {/j + for 

i 

If T' = T": one defines I 1 = T'" 1 . 

If T' > T": let Tj be the tree obtained from Tj" 1 

(17) by replacing the subtree T'^T" by T" jy T' 

and let q l j be — q'j 1 - Define kj by 

f k'f 1 if k l fi < br or fc^ 1 > /j', 

k) = { k^+f^'-f* iffe^fc^ 1 ^/;, 
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Let Ni = JVj_i an d %l = (Tj,q\, k\)i^ Nl be defined by 

(Tlql,kl) = (Tt 1 ,q l r\kt 1 ) 
for i 7^ j and by the triple (TL gj, fcj) for i = j. 
If T' < T": as T'^T" is not in H, one has V = ti\t 2 with t 2 < T". 
Let the position of the leaves of t\ (resp. t 2 ) be in {b^f^} (resp. 

+ 1. /j})- Defme W = JVi-i + h i = <?j+i = 3^ X - 
Let Tj be the tree obtained from T 1 ^ 1 

(18) by replacing the subtree T' jyT" by (ti j^T") ^t 2 , 

and let Tj +1 be the tree obtained from T_- 

' k T " h y ^a^ a 1 

This operation is exactly applying Jacobi on a subbracket, that is 



(19) by replacing the subtree T' ^T" by t x |(T" |t 2 ) . 

)br 

Equation (fTB)) . We also need to see how the position k 1 ' 1 changes and 



define 

f k 1 - 1 if k'r 1 < f. t 1 + 1 or fc^ 1 > /j', 

*} = *} +1 = < * 1 • /r /: if/^+K^-^/j, 

Uj- 1 - (/j - /j,r + 1) if/j + Kfcj-^/j'. 
Now, one defines T z = (T/, g', k\) as 
(T?^,/eJ) = (T/- 1 ,^- 1 ,*:*- 1 ) fori<j, 
(Tj,qlkD = (T^q l j ,k l j ) for i = j, 

(Tj, q\, k\) = (T l j+1 ,q l j+1 ,k l j+1 ) for i = j + 1. 

(T/,g| > Aj) = (3ti J 8{=i.*i-i) fari>j + l. 

Now, we have 1^ in T^ r ]r in , a sequence of length JVjv and regroup the 

terms having same T, and fej. 
(3) For 1' = (Tl,q\,kl)i^ Nl with Z < JV, if there exists 1 < i < j JV ; 
such that Tj = T\ and k\ = k\ , then set JV m = Ni - 1 and T' +1 = 
(T/+ 1 ,^+ 1 ! ^+ 1 ) ia ^ i+1 b y 

(2?+\ gj+\ = (Tj, q\, k^) for i < i and i < i < j , 

(Tl +1 .,q l +\k\ +l ) = (Tj,q\ + q l j,k\) for i = i , 

(Tj+\q^\k^ 1 ) = (Tj +1 ,ql +1 ,k\ +1 ) for i > j . 

This part of the algorithm stops when all the couple (Tj,k\) are different 

for some L large enough (^ 2JVjv + 1). 
The decomposition algorithm described above tells us that beginning with a 
triple (To, 1, k), k being the position of one of the leaves of To, the sequence 
Dec° n (To, 1, k) is constant for n large enough. Let X = (T, g,-, fcj)i^,-^jv be its 
constant values. One gets the following 

Lemma 3.8. With the above notations, the decomposition of [To] in J~ Lle in terms 
of [T] for T in H is given by 

N 

[T ]=J2<li[Ti\- 
i=l 

Remarks that not all the Tj are in the Hall set H . However, those which are not 
in H contain a subtree of the form T j^T and thus, the corresponding bracket [Tj] 
is zero in T Lle - 
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W = UV With 



3.1.3. Lyndon words. We are here interested in some particular Hall, the one in- 
duced by the Lyndon words. Let S be the set {0, 1} and S* denote the set of finite 
words in the letters 0,1. Let < be the lexicographic order on S* such < 1. 

Definition 3.9 (Lyndon words). A Lyndon word W in S* is a nonempty word 
which is smaller than all its nontrivial proper right factors; that is W ^ and 

W=UV with U, V ^ => W < V. 

Remark that and 1 are Lyndon words. 

Example 3.10. The Lyndon words of length ^ 4 are 

0, 1, 01, 001, 011, 0001, 0011, 0111. 

They are ordered by the lexicographic order which gives 

< 0001 < 001 < 0011 < 01 < 011 < 0111 < 1. 

In order to associate a tree to a Lyndon word, we need the following definition. 

Definition 3.11 (Standard factorization). Let W be a word in S* of length ^ 2. 
The standard factorization of W is the decomposition 

U, V e S* \ 

and V is the smallest nontrivial proper right factor of W. 

One has the following property of Lyndon words. 

Proposition 3.12 ([Rcu93j [proof of Theorem 5.1]). Let W be a Lyndon word with 
standard factorization W = UV. Then , U and V are Lyndon words and either U 
is a letter or has standard factorization U = U\U% with {/ 2 V. 

To any Lyndon word W we associate a tree tw in 7~*". If W — or W — 1, set 

ro=? n = ?. 

1 

For a Lyndon word W of length 2, let W — UV be its standard factorization 
and set 

Let Hl be the set {tw} where W runs through the Lyndon words in the letters 
0, 1. Endow Hl with the total order < induced by the ordering of the Lyndon 
words W given by the lexicographic order on S* . 

For any Lyndon word, let [W] be the image of T\y in 7 -1,16 and let Lyn be the 
set of the Lyndon words. 

Definition 3.13. For a Lyndon word W, we say that tw is a Lyndon tree and 
that [W] is a Lyndon bracket. 

Theorem 3.14. The set Hl is a Hall set and the family (\W])weLyn forms a basis 
ofT Lle . 

Moreover, a basis of f Lle A f Lle is then given by the family ([Wi] A [Wjj]) for 
Wi, W-2, Lyndon words such that W\ < W%. In these basis, the bracket is then given 
by 

(20) [Wi] A [W 2 ] M- {[Wi], [W 2 ]] = Yl a wuw 2 m- 

WGLyn 

Example 3.15. In length ^ 3, one has 

To =f, n = f, Tqi = 't , T oi = A. , Ton = /\ , 

o i R \ / A A \ 

1 Oil 
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and in length 4 

? ? ? 

^0001 = / A J T oon = /X 7 r 0111 = 




7 A ' Tom = A x 



0001 0011 0111 



3.2. Trivalent trees and duality. Let 7q Tl,< be the quotient of 7q" the ideal 
(for ^) I s generated by 

Let T is a tree in T*" with subtree T\ A T2 and let T" be the tree T in which one 



-A- 

• ( o ,,y i2/V 

T = — T'. 



has replaced Ti J T 2 by T 2 A T\. In T n,< , one has the relation 



From the total order on Hl, one gets a total order < on T trl ■ Let *B < be the 
set of trees T in T trl such that 

T' = Ti T 2 is subtree of T T\ < T 2 . 

Writing T e *B < also for the image of T in T^ l,< , one sees that 
Lemma 3.16. TTie se£ S < induces a basis of 7q" :< afeo denoted by *B < . 

We will now, identify Tq"' k with its dual by the means of the basis *B < . 

Let Jj ac denote the image of the ideal Ij ac in Tq 1,< . The Lie algebra 7" Lie is then 
isomorphic to the quotient Tq 1,< / Ijac and, using the identification between Tq rl,< 
and its dual, one can identify the dual of T Lie with a subspace T coL C T^ rh< . 

Definition 3.17. Let (T\y»)weLyn m T coi denote the dual basis of the basis 
([W / ])iveLiyn of the free Lie algebra T Lle . 

The TV* are linear combinations of trees in *B < . One should remark that any 
Lyndon tree T\y is in S B < and that by definition its coefficient in TV* is 1. 

Example 3.18. Up to length ^ 3, one has TV* = tw that is 

® 9 <? 

T *=|, 7^.=?, r 01 .= ^, T 00 i*=y^, ^011*=^. 

001 011 

In length 4, appears the first linear combination 

® ® ® ® 

Tom "~- A' w= A + A' w= A' 

0001 0011 0011 0111 

As the Lie bracket on T Lle is induced by ^ : T*" AT*" ->• T*™; it is also induced 
by ^ on Tq 1,< ■ By duality, one obtains a differential 

due ■ r coL — ► r coL a r coL 

dual to the Lie bracket and induced by the map 7q" — > 7q" A 7q" also denote 
by d Lie : 



(21) d Lle : I ^|a|. 

The property that due c^Lie = on 7" coi is dual to the Jacobi identity on T Lle . 
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Proposition 3.19. By duality, one has in r f coL 

o 1 

• d Lie {T ,) = due{Ti») = 0; 

• for all Lyndon words W of length ^ 2, 

(22) d Lie (T w *) = a W!,w 2 Tw* A T w * 

W!<W 2 

Wi,W 2 £Lyn 

where the a{y W2 are defined by equation (|20p . 
Moreover one can build the linear combinations Tw inductively by 

(23) T w * = "m.Ws^^^JV. 

Wl_<W 2 

Wi,W 2 £Lyn 

for W of length greater or equal to 2. Here ^ denotes the bilinear map T coL 
T coL — > T coL induced by l y 

Lemma 3.20. Let W be a Lyndon word of length greater or equal to 2. 

• For the lexicographic order one has < W < 1 

• A leaf of a tree in the sum Tw decorated by 1 is always a right leaf. 

• A leaf of a tree in the sum Tw decorated by is always a left leaf. 

Proof. Let W be a Lyndon word. As is the smallest non empty word in letters 

and 1, one has < W. Writing W — Ue with s in {0, 1} and U non empty, one 
has W < e. Thus, one gets e = 1 which conclude the first part of the lemma. 

Now, the inductive construction of the family Tw given by Equation (|23p 
(Proposition GIU]) 

T w , = ^2 a w u w 2 T w* }\T W * 

Wx<W 2 
Wi,W 2 £Lyn 

shows that Tq* is always add as a left factor and Ti* always as a right factor. 
Induction on the length concludes the lemma. □ 

Definition 3.21. Let T be a tree in 7"*™. Its image in J~ Lle decomposes on the 
Lyndon basis as 

[T]= J2 c t{W}- 

WeLyn 

Duality implies that 

Lemma 3.22. Let W be a Lyndon word. Then Tw decomposes on the basis ( S < 
as 

Tw = £ c?T 

Te < 8< 

where the are the ones defined at Definition ] 3. 2 1\ 

In view of Theorem 13.441 we need to express the coefficients c^T in terms of 
the coefficients c^ 1 and <£j? for some subtrees T\ and T^ of T . We give below the 
necessary definitions and lemmas to give such a decomposition of the c^ (Theorem 
I3.30P . The rest of this subsection will be devoted into proving this decomposition. 

Definition 3.23. For a tree T, let Le-r(T) = {h, . . . , l n } be the set of its leaves 
numbered from left to right and let Le^j-(T) be the set of leaves with decoration 
equal to 1. 

The position of a leaf k will be its number i and we shall write i € Le(T) (resp. 

1 € Le 1 (T)) to a denote the position of a leaf (resp. of a leaf decorated by 1). 
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Definition 3.24. Let T be a tree in T tr% and i the position of one of its leaves 
decorated by e = 0,1. Let v denotes the vertex just above this leaf and T\ the 
(other) subtree just below v: 

T 

A 

We shall write (T/.^i ) r for the subtree T x and 1 (T/ A * ) or T\»' Tl for the tree 
obtained from T by deleting the subtree Ti and the i-th leaf and by changing the 
vertex v into a leaf with decoration e : 

(T/. s r :=? l (T/;, i )=T\i Tl := ,1 



Definition 3.25 (Insertion). Let T\ and T2 be two trees in T*" and i be the 
position of a leaf in Ti and £ its decoration. We assume that this leaf is a "right 
tree". We denote by Ti ki T\ the tree obtained from Ti by replacing the i-th leaf 

by a vertex v with left subtree T\ and right subtree a leaf decorated by e : 

T 

A 

Ti I 

In case we need an insertion on a "left leaf", we will use the notation l ki . 

In the pictures describing definition l3.24l and l3.25l we have drawn the important 
part in a right subtree, the definitions remains valid in case the considered leaf is 
in a left subtree. 

Definition 3.26. if e denotes a leaf of a tree, we extend the above notation to the 
leaf e: 

(T/, f ) r , 1 (T/.f ) = T \e Tl , T 2 A_e Ti . 

Let Q3 = denote the set of trees T in T tr% such that there exists one and only one 
subtree of T of the form T X \T X . 

Looking closely at the insertion/quotient operation one obtains the following. 

Lemma 3.27. • Let T be a tree in < S < and e a leaf in Le 1 (T). Then, there 

is a unique tuple (T\,Ti, /, e(T, /)) with T\ in < 3 < , Ti £ < B < U *B = , / in 
Le^p 2 and e(T, e) in {±1} such that 

T \ e T' = e{T, e)Ti and (T/.if ) r = T x . 

• Let Ti, Ti be trees in U Q3 = with T\ in < S < and f in Le\^. Then, there 
exists a unique tree T in *B < U 58 = and a unique e(Ti, Ti, f) such that 

e(T u T2,f)T = T2 h Ti. 

and, one write 



T := T 2 K_f Ti. 
In the case where T is in 5B = , then e(T\,Ti, f) = 1. 
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There is a unique leaf e <G Le 1 (T2 kf Xi) such that 

T \e T ,= e (T, e)T 2 and (T/.f ) r = 7\ 

and it will be denoted by ^Ti,t 2 (/) ° t simply by (p(f) if the context is clear 
enough. 

IfT, as above, is in *B < such that T\ e T< is up to a sign also in Q3 < then with 
the above notations 



T = T 2 kf Ti and s(T, e)e Tl ,T 2 j = 1. 

Definition 3.28. Let To be a tree in T*™, i the position of one of its leaves and 
let 1 = (Tj,qj, kj)\^j^N be the constant value of Dec° n (T, 1, i) for n large enough. 

Let T be a tree in i B < U Q3 = and k the position of one of its leaves, define the 
coefficient cL' k . as 

Jo, « 

T,fc _ J (/j if 3j such that T = Tj and k = kj 
T °>* [0 otherwise. 

For any Lyndon word W, the coefficient c^f will be denoted simply by c^\. 

Lemma 3.29. • Let To be a tree in 7~ trj ; % the position of one of its leaves 

and let T be a tree in < B < U *B = then 

t _ T ' fe 
C To ■— l^i C To,i 
keLe(T) 

does not depend on i. Moreover, if k denotes the position of one of the 
leaves ofT, one has 

V r T - k - r T 

IfT = Tw for some Lyndon word W, one has clff = c5jf which makes the 
above notations consistent. 

• With the above notations, as the algorithm Dec does not change the leaves, 
one has for i ( resp k ) the position of a leaf decorated by 1 of T ( resp. of 
T) 

T _ T.k I T _ T,k 

C To - 2-^i C T ,i I TeS P- C T - Z-^i C Ta,i 
feGLei(T) \ ieie^To) 

• Let V be in < S = , and let T' IT' be its symmetric subtree, k be a leaf in 
Le 1 ^) in the left factor T" and k' its symmetric in the right factor T' . Let 
T 2 be a tree in *B < . 

Then, one has 



E r v,k _ v,k' 

C T2,f - 2^ C T 2 ,f 

J 

Proof. In order to see that 



T,k 



keLe(T) 

does not depend on i, it is enough to remark that the trees arising from Dec do 
not depend on the marked leaves but only on the original sequence of trees. Now, 
fix T and k. Let T = {Tj,qj,kj)i^.j^N be the constant value of Dec° n (T , 1, io) for 
n large enough and some position i n of a leaves of T such that 

T = Tj for some j with qj ^ 0. 
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Then, for any position i of a leaf of To there exists integers j^i, . . . , j» 1 i 4 such that 

VI £ {1, . . . , k} q T = Tij i>t and q^ Ji t ^ 

where %i = (T^j, qij, fci,j)i<i<jv stands for the constant value of Dec on (To, 1, z) for 
n large enough (remark that N and the n large enough do not depend on i). As 
the algorithm Dec does not change the leaves, if T appears then the leaf in position 
k has to "comes from" some leaves in To and the sum 

E qi 'i*,' 

ieLe(T ),l€{l,...,li} 
s.t 

T=Tij. , and k=k i}j . , 

is equal to the total coefficient of T in the decomposition of To . 

The last part of the lemma is a direct application of the previous point. □ 

Let W be a Lyndon word and consider Tyy* its associated dual tree written on 
the basis 93 < as 

T W , = ]T c^T. 

T6<B< 

Theorem 3.30. We fix W an Lyndon word. Let T be a tree in ( S < appearing in 
T\y* > i the position of one of its leaves decorated by 1 . 

As T is in < B < , the i-th leaves which is decorated by I is a right subtree (Lemma 

f 

T = . \ . 

\ 

€ 

Now, let Ti denote (T/.ij ) r , T 2 be 1 (T/jf ) = T\ Tl and j=i- Le 1 ^). 

Necessarily, T\ is in ( B < and either T% is in < B = or can be written as T 2 = 
e(T,i)% wiih% in «S<. 

Then, the coefficients satisfy 

<*> «?- E E E ^.^i,, 

UieLynU 2 eLynk&Le 1 (U 2 ) ^ 

+ E E E ^M^)^.^. • 

UxELyn Ve<B= fceie^V) <~ 

Remark 3.31 . The proof also shows the following. Let T in 25 = and i the position of 
one of its leaves decorated by 1 such that Ti = (T/.^ ) r and T 2 = ' (T/si ) = T\* Tl 
are both in 58 < and let j — i — Le 1 (Ti) . Then, as in the theorem, one has 

= y y y 4 i e(r,%)&c w , 

1 ^ ^ ^ Ti K ' ; T 2l t U2 Afc m 

U 1 €LynU 2 &LynkGLe 1 (U 2 ) <— 



V,k c W 



y y y #<t,%)c 

UieLynV£V& = fe£Le 1 (V) 



Proof. Considering the definition of Cjf , the proof follows from writing down [T] in 
two different ways in the Lyndon basis. By definition, one has 



[T]= J2 c t°I w o] eT 



Lie 
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and as T\ is also in S < , 

[Ti]= E erLlC - 

Ui£Lyn 

As, T — T2 ki T\, linearity of the Lie brackets gives 

[t}= e 4i\ T *h- jU ^ ^r Lie . 

UiGLyn 

Now, [T%] can be written as 

[T 2 ]=e(T,i)m= E E e(T^)^[U 2 ]+ J2 E <T,i)c^.[V]. 

U 2 eLynk£Le 1 (U 2 ) V e<S= keLe 1 (V) 

Lemma 13.321 below insures that for any Lyndon word U 1 
{T 2 kjU 1 } = E E <T,i)^[U i J L kU 1 ]+ 

U 2 eLynkeLe 1 (U 2 ) 

E E siT^iy kkU,] eT Lie 

V£<3= keLe^V) 

and decomposing each bracket [U2 kk Ui] and [V kk U\] in the Lyndon basis gives 

pi= £ E E E ^.o^^ju^oR 

UieLyn U 2 eLyn fe G L e i((7 2 ) W eLyn 2 ^- 1 

E E E E ^^Ca,,^ eriie 

UieLyn Ve<8= keLe 1 ^) WoELyn <— 1 

which concludes the proof of Theorem 13.301 □ 

Lemma 3.32. Lei X = (Tj, g 3 , % )i^j^jv &e i sequence in T^ T ]r in with kj in Le 1 (Tj) 
for all j and set 

1' = Dec(1) = CfyflJ.fcJ)!^^. 
Lei T be a tree in T tri . In the Lie algebra T Lle one has 

N N' 
3=1 3=1 

Proof. The total number of leaves in the trees involved in equations (fT?)) , (JTHJ) and 
(HHJ) stays constant, thus the formulas defining kj in terms of the kj shows that 
for any j kj is the position of a leaf of TL Hence the right hand side of the above 
equations is well defined. 

The second part of the algorithm Dec which regroups the different terms of the 
sequence with same tree and same position commutes with the insertion procedure 
as it does not change the trees. 

So we need only to consider the first part of the algorithm which performs for 
each tree Tj one operation on the smallest subtree A{B which is not a Lyndon 
tree. Thus, it is enough to prove the above equality in the case where only one of 
the Tj is changed; say T/y. With the notations from the algorithm, one need to 
prove that 

JV Ni 
3=1 3=1 
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By definition, (Tj,qj,kj) = {Tj,q),k)) for j < N - 1 and the N - 1 first terms 
of the above sums are equal. We are reduced to show that 

Ni 

(25) q N [T N &n T] = QnK ^ T] 

j=N 

with Ni — N or Ni = N + 1 depending on the smallest subtree A^B of Tn which 
is not a Lyndon tree. 
Write Tat as 

f 

A 

To i <— fc^r-th position 
where v denotes the vertex just above the fc/v-th leaf. 

If the whole subtree i is moved or not affected at all by operations given at 

To 1 

equations (fTT)) . (fT5|) and (|19p . then the identity (f^5|) is satisfied. Similarly if Aj^B 
is contained in T . 

Thus, we are interested in the following cases : 

• A = T and B = f with A > B, 

l 

• A = 1 and B < f , 

/ \ l 

To 1 

• A = T = T,5 y^Tg' and B = f with Ttf < B. 

l 

In the first case, identity ([25]) follows from 

ro],[[T],f]] = -[[[T], < f] ! [T ]] eT iie 
i i 

where [T] (resp. [T ]) denotes the image of T (resp. T ) in T iie . 

The second case, corresponding to operations (TT51) and (fTUl) . follows from Jacobi 
identity written as 

[[X,Y],Z] - [X, [Y,Z]] + [[X,Z],Y] 

applied to X = [T ], Y = and Z = [B]. Similarly, the third case, also 

l 

corresponding to operations (fT5)) and (flU)) , follows from the above formula applied 

to X = [Tq] , y = [Tq] and Z = [[T], f\. □ 

l 

3.3. The differential graded algebra of i?-deco forests. In |GGL09| . Gangl, 
Goncharov and Levin have defined a combinatorial algebra built out of trees, the 
algebra of i?-deco forest, with a differential d cy that imitate the behavior of the 
differential dq in Afq for cycles related to special linear combinations of trees. Even if 
we will not use their forest cycling map which maps (particular linear combinations 
of) trees to (admissible) cycles, an equivalent of the i?-deco forest algebra will 
encode the combinatoric of our problem. 

In this subsection, definitions and properties of the forest algebra are recalled. 
Unless specified otherwise a tree is a planar rooted tree with leaves decorated by 
and 1. Remark that trees are not assumed to be trivalent has in the previous 
sections. 



34 



ISMAEL SOUDERES 



Definition 3.33. • Let T be a planar rooted tree with leaves decorated by 

and 1 and root decorated by t, or 1. Let E(T) denote the set of edges 
of T. 

• An oriented tree (T, w) is a tree as above together with a bijective map 

w:.E(T)— >{1,...,|(T)|}. 

• Similarly to Definition 13.231 one defines Le-r{T) and Lei-(T) as the sets of 
leaves of T and the set of leaves decorated by 1 respectively. 

• For an oriented tree (T, ui), the orientation of T induces an order on Leq-(T) 
and Lei-(T) respectively and the position of a leaf will denote its position 
with respect to that order and we shall write i G Le(T) (resp. i € ie 1 (T) 
) for the position of a leaf. 

• A forest is a disjoint union of planar rooted trees with leaves decorated by 
and 1. 

• The above definitions extend naturally to forests. For a forest F, we shall 
write E(F), Le-j-(F) and Leh-{F"). Similarly, we will speak of oriented forest 
(F, u>) and of position of leaves i e Le(F) and i G Le 1 (F). 

Let the weight of a forest F (resp. and oriented (F, lu)) be the number of its leaves 
wt(F) = \Leq-(F)\ and its (cohomological) degree be e(F) — 2wt(F) — \E(F)\. 

Let V k (p) be the vector space generated by oriented forests (F,uj) of weight 
wt(F) — p and such that e(F) = k. Adding an extra generator 11 in weight and 
degree 0, V°(0) := Ql, we define 

V =©„^o ®fc V k (p). 

Definition 3.34. Disjoint union of forests extends to oriented forests with 1L as 
neutral element as follows. Let (Fiuii) and (F 2 ,u> 2 ) be two oriented forests, define 

(Fuji) • (F 2 ,w 2 ) = (F 1 UF 2 ,uj) 

where a : E(F 1 U F 2 ) — >{!,■■■, + \E(F 2 )\} is defined by 

u>i(e) if e S Fi 
wi(e) + \E(Fi)\ ifeeF 2 



w(e) 



For a a permutation of {1, . . . , n} for some positive integer n, let e{o~) denote 
the signature of a. 

Definition 3.35. Let / be the ideal generated by elements of the form 

• (T, uS) — s(a)(T, crou) for (T,lu) an oriented tree and a a permutation of 
{1,...,#£(T)} 

• oriented trees with root decorated by 0, that is I J , 

V T 

• the tree 9 with any orientation. 

o 

Let J 7 ^ be the (graded) quotient 

Fq := r/i. 

The extended disjoint union • makes Fq into a graded commutative algebra (for 
the cohomological degree), that is oriented forests "commute" via the rule 

(F 1>Wl ) • (F 2>Wa ) = (-l) e ^) e ( F2 )(F 2 , W2 ) • (F 1>Wl ). 

Definition 3.36. A rooted plane tree has a canonical numbering of its edge, start- 
ing from the root edge, which is induced by the cyclic order of the edges at internal 
vertices. We will speak of its canonical orientation or of its canonical numbering. 
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Example 3.37. An example of this canonical ordering is shown at Figure [TJ we 
recall that by convention we draw trees with the root at the top and the cyclic 
order at internal vertices counterclockwise. 




Figure 1 . A tree with its canonical orientation, that is the canon- 
ical numbering of its edge. 



Now, we define on J-q a differential of degree 1, that is a linear map 

d '■ Fq > F q, +1 
satisfying d 2 — and the Leibniz rule 

d{{F x ,ux) ■ (F 2 ,u 2 )) = d((Jk, wi)) ■ (F 2 ,W2) + (-lJ^CFk.wi) • d((F 2 ,ui)). 

The set of rooted planar trees decorated as above endowed with their canonical 
orientation forms a set of representative for the permutation relation and it gener- 
ates 

as an algebra. Hence, we will define this differential first on trees endowed 
with their canonical orientation and then extend the definition by Leibniz rule. 

The differential of an oriented tree (T, uS) will be a linear combination of oriented 
forests where the trees appearing arise by contracting an edge of T and fall into 
two types depending whether the edge in internal or not. We will need the notion 
of splitting. 

Definition 3.38. A splitting of a tree T at an internal vertex v is the disjoint 
union of the trees which arise as Tj U v where the T{ are the connected component 
of T \ v. Moreover 

• the planar structure of T and its decorations of leaves induce a planar 
structure on each T, U v and decorations of leaves ; 

• an ordering of the edges of T induces an orientation of the forest U^Tj U v); 

• if T as a root r then v becomes the root for all FUv which do not contain 
r, and if v has a decoration then it keeps its decoration in all the Ti U v. 

Definition 3.39. Let e be an edge of a tree T. The contraction of T along e 
denoted T/e is given as follows: 

(f ) If the tree consists on a single edge, its contraction is the empty tree. 

(2) If e is an internal edge, then T/e is the tree obtain from T by contracting 
e and identifying the incident vertices to a single vertex. 

(3) If e is the edge containing the root vertex then T/e is the forest obtained 
by first contracting e to the internal incident vertex w (which inherit the 
decoration of the root) and then by splitting at w; w becoming the new 
root of all trees in the forest T/e. 

(4) If e is an external edge not containing the root vertex then T/e is the forest 
obtained as follow: first one contracts e to the internal incident vertex w 
(which inherit the decoration of the leaf) and then one performs a splitting 
at w. 

Example 3.40. Two examples are given below. In Figure^ one contracts the root 
vertex and in Figure [31 a leaf is contracted. 
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t ® 




Figure 2. Contracting the root 




Figure 3. Contracting a leaf 



Now, Let e be an edge of an oriented tree (T, uj) with u) the canonical orientation 
of T. As an edge / of T/e is also an edge of T, there is a natural orientation i e to 
on T/e given as follows : 

tff c P / TU i e u)(f) = u(f) if < u){e) 
v/GiHi/ej ieW (/) = W (/) _ i if w (/)> w (e). 

Definition 3.41. Let (T,u) be a tree endowed with it canonical orientation, on 
defines d cy (T,w) as 

d cy (T,u)= (-l) ttf(e) - 1 (T/e,*ew). 

eeE(T) 

One extends to all oriented trees by the relation 

d cy (T, o~ o cj) = e(a)d cy (T,u) 

and to J-q by linearity and the Leibniz rule. 

In particular <i ca maps a tree with at most one edge to (which correspond by 
convention to the empty tree). 

As proved in [GGL09J, d cy , extended with the Leibniz rule, induces a differential 
on JJJ. 

Proposition 3.42. The map d C y '. J^q — y J-q makes J-q into a commutative 
differential graded algebra. In particular d? cy = 0. 

We will give examples of explicit computations of this differential in the next 
subsection. 

3.4. "Differential equations" for tree sums dual to Lyndon brackets. The 

canonical orientation of a tree allows us to define two maps 



•n 



To — >T Q (resp. fa : T Q — ^o) 



sending a rooted trivalent tree with leaves decorated by and 1 to the same tree 
with its canonical numbering and the root decorated by t (resp. by 1). 

The symmetry relation in 7^ ri,< is compatible with the permutation relation in 
J-q as the considered trees in 7^ r4,< are trivalent. We will use the same notation 
to denote an element r in Tq 1,< and its image by fa and denotes by r(l) its image 
by fa. 
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Example 3.43. We give below the image by <j> t and </>i of some (linear combinations 
of) tress given at example 13.181 together with the numbering of the edges. Up to 
weight 3, the images by <pt are 



t ® 



' ® 



and in weight 4 



Ti. = 



Toi. = 



?ooi* — 



7 





\ 63 

1 




Toon* 




Some images by </>i are given below: 

i® 



Toi.(l) 



Tooi.(l) 




and 










'T, 


A- 




/ A 4 

e2 /e4 / \ 

AAA 7 

11 


e V A \ 
/e 5 / \ e 6 \ 

• • • • 

11 



Tooii.(l) 



The linear combination of trivalent trees given by the Tw have a special behavior 
under the differential d cy given in the following theorem. 

Theorem 3.44. Let W be a Lyndon word of length 2. In J-q, the image of Tw* 
under d cy is decomposable, that is d cy (Tw) is a sum of products. More precisely , 



u,v 



(26) d cy (T w , ) = a u,v T u* -Tv+Y, PuyTu* ■ T v , (1) 

u<v 

V are Lyndon wo\ 
and the fi^jy rational numbers. 



where U and V are Lyndon words, the affy are the ones defined at Equation (|20p 



Remark 3.45. From the definition of d cy , one sees Equation (f2l)|) involves only W 
and Lyndon words U, V such that the length of W is equal to the length of U plus 
the one of V. In particular, ctjj V — fixjy — as soon as U or V has length greater 
or equal to W. 

The coefficients ol^ v are defined only for U < V. In particular, a^ v ,a^ and 
ctxju are not defined. 
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Before proving the above theorem, we give some examples. 

Example 3.46. As said before, the trees are endowed with their canonical num- 
bering. We recall that a tree with root decorated by is in Jq. As applying an 
odd permutation to the numbering change the sign of the tree, using the trivalency 
of the tree T\y* shows that some trees arising from the computation of d cy are in 
J"q because they contain a symmetric subtree. 

Using the fact that the tree ^ is in Jq, one computes in weight 3, d cy (Tou* ) 

o 




We give below an example in weight 5, d cy (T ioii*) ■ 



^ t® t® t ® ^ 




1 1 
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where the last term arises from the part of the differential associated to edges e and 
/. In the computations above, we have regrouped terms together and not written 
the one that were 0. The result can be summarized by 

Ton* =Ioi» ■ Ti* + Xi« • Xbi* (1) 

Toon* =To» ■ Ton* + Tx)i* ■ Ti» + Ti* • Tioi* (1) + Toi* • Th* (1) 
Tbion* =Tn* • Ton* + Toon* • Ti* + Ti* • Toon* (1) + 2Ton* • T)i* (f ) 

and should be compare with equations (fT0|) and (fTTj) . 

The proof of Theorem 13.441 will be decomposed in three part: 

• proving that terms of the form a^jyTu* ■ Ty* arise; 

• proving that d cy (T\y*) is decomposable, in other words that it is a sum of 
products; 

• proving that products that are not terms arising from ot^ v T\j* ■ Ty* can 
be regroup together and give terms of the form P^fyTu* ■ Ty* (1) for some 
rational number $ify 

The coefficients are in fact integers and the proof gives a precise formula. 

However the exact expression will not be used latter. 

First of all, one decomposes the differential d cy in four parts : 

d C y — d roo t di n t ~\~ d® + d[ 

where d roo t is the term corresponding to the root edge, dim the one corresponding 
to internal edges, d® and d\ corresponding respectively to the external edges that 
are not the root edge with leaves decorated by and 1. 

One remarks that d® is zero. Indeed, if e is an external edge with leaf decorated 
by of a tree T, the corresponding term of df(T) is given by the forest T/e where 
one of the tree is of the form 




1" 



which is in J-X. 

Now, let T be a rooted trivalent tree in T trl as above. It can be endowed with its 
canonical ordering and root decoration given by t to obtain a tree in (f>t(T) in J-q. 
We have defined at Equation ((21) a map dn e : 7q" — > 7q™ A 7q" that contract 
and split the root edge of T giving two trees with two new roots. The fact that we 
have exactly two trees comes form the trivalency hypothesis in 7q™. Using again 
the trivalency of the trees, <pt extends to a map 7q™ A7q™ — > J-q where the wedge 
product is replaced by the product in Tq. As d roo t consists also in contracting the 
root edge and splitting, one has 

d roo t(<t>t(T)) = <j>t{dlAe(T)). 

In particular, as the Tw* are by definition the dual basis to the basis of J~ Lte 
given by Lyndon brackets and using Proposition 13.191 one finds omitting <p t 

d r oot(Tw*) = ^ OL^yTu* -Ty*. 

u<v 

Now, let's prove that the non decomposable terms arising from di n t cancel each 
other. 

Lemma 3.47. Let W be a Lyndon in and 1. Then one has 



dintyTw*) — 
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Proof. One proves the lemma by induction on the length of W. If the length of W 
is less or equal to 2, there is nothing to prove as the corresponding tree do not have 
any internal edges. 

Let T be a rooted planar tree (with decoration) and e and edge of T. One 
has a natural direction on the edges of T, going away from the root. Considering 
this direction, the edge e goes from a vertex v to a vertex w. The depth of e is 
the minimal number of edges one has to go trough in order to go from the root 
vertex to the vertex w. Thus an edge of depth 2 is an edge connected to the edge 
containing the root vertex. 

Using the inductive construction of Tw* 

T w , = ]T aU,V w T v * l x T v * 
u<v 

and the fact that Tw* is trivalent, one sees that 



dint(Tw*) — 



terms corresponding 
to edge of depth 2 



E 

u<v 



aU,V w d lnt (T u ,)^T v , 



^ aU,V w Tu*} x d mt (T v *). 

u<v 



In the above formula, the signs are taking into account the canonical numbering of 
the respective trees. Using the induction hypothesis, it is enough to check that the 
terms corresponding to edges of depth 2 cancel each other. Writing Tw* as 



T w * 



E ft 

Te<8< 



one considers a tree T in < B < such that is non zero. As W is of length at least 
3, T can be written in one of the following form 



(a) 




Ti T 2 T 3 Ti 




(c) 




Ti T 2 



where e is equal to or 1. 

As T is trivalent, edges labeled by e have an even number and those labeled 
by / an odd number with the natural numbering of T. Computing in each case 
the terms of di n t coming from the depth 2 edges and taking into account the signs 
arising from the natural numbering, one gets for each cases 



t ® 



(a) 




T 2 T 3 Ti 




Ti T 2 T 3 



and 



t ® 



t ® 
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In the other hand, applying d^ie erases the root and create two new trees. Com- 
puting dj? ie (T) in 7q™, one obtains in 7q" A 7q™ A 7q™ for each cases 



A 



A 



A 



(•> <•> 

A 



Tx Ti 



(b) 



T 3 Ti 



| A | (c) | A | ' 

T 3 T 4 Ti T 2 

Permuting the wedge factors introduces a minus sign when the permutation is a 
transposition as does permuting the trivalent subtrees in the former formula. 

Thus, up to a global minus sign, in dmt(TV* ) each term arising from the depth 2 
edges is given by gluing together the three wedge factor of the corresponding term 
in d°Li e {Tw*)- These different terms cancel each other because d^ ie (Tw*) = 0. As 
a consequence, in d cy (Tw) terms arising from the depth 2 edges cancel each other 
and d int (T w *) =0. □ 



We will now prove the main part of Theorem 13.441 It is enough to prove that 
terms in d cy (T\y* ) coming from the leaves decorated by 1 gives 



u,V 



pW v Tu.-T v ,(l). 



Lemma 3.48. Let W be a word in ans 1. One has 

d\{T w «)=Y,ffi,vTu*-T v ,{l). 
u,v 

Proof. The definition of d cy gives d cy (To*) = d cy {Ti*) = and d cy {T^i*) — To* -Ti* 
and we will assume that W as length greater or equal to 3. 

All considered trees T are endowed with their canonical numbering lot- The 
computation of d\ (TV* ) gives 

d}{T w ,)= Y, <%4(T)= E c t E (T/e,w). 



T£<B< 



Let T be a tree in *8 < such that is non zero. Lemma [3.201 shows that a leaf 
e in T decorated by 1 is always a right leaf: 



A 

Ti ' 

where T\ = (T/.f ) r . Thus, if the edge e has number i, one sees that 

(T/e,i e u T ) = (-l) i - 1 (-l) (M - 1)(ap - 1 - <) (T , Vr ls wr^) ■ CTi(lW) 
= (T\e Tl , WTW )-(T 1 (l),a; Tl ) 

where 2Z — 1 is the number of edges in T\ and • is the product in J-q; the natural 
ordering of T\ begin the same as the one of Ti(l). 

Thus, omitting the natural numbering, one can write 

d\{Tw*) = E E c t T \ e T' ■ (T/:? ) r (1). 

Te2J< e6LeL 

Using Lemma [6 . 2 71 and the fact that = for any T' in *B = , one can rewrite the 
above sum as 



dlM= E E E 



T 1 £<B< T 2 &<B<U'B= f£L< 



i T 2 A/ Ti 

T 2 



'(TuTiJfa-Tiil) 
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and as the permutation relations kill terms T 2 in *B 



4(T W .)= E E E c ~. e(T 1> T a ,/)T 2 .T 1 (l). 

Ti6<B< T 2 e<8< feLe^ T2 A Tl 



Now, applying Theorem 13.301 and its remark to T 2 A/ Ti and leaf e = <Pr lt Ta(f) — 
<p{f), one decomposes the coefficients c^— ■ and, as T 2 is in < B < , obtains 

T 2 kf Ti 



4(t w *)= E E E E E E c £ 

T 1 e<8<T 2 G , 8< /6£e^ UiGLyn U 2 eLyn keLe 1 (U 2 ) 



e(T 2 kf T^MJ))^)^ , eCTi.Ta./jTa.Txa) 

C/ 2 AK J7i 



E E E E E E 

Ti£<B< T 2 €S< /eie^, UitLyn V€<3= k£Le^(V) 



£ (T 2 ^ T lj¥3 (/))4; fe /C ^ Afc ^(T^m ■ 71(1). 



As lemma EH7| shows that £(T 2 A/ Ti, ip(f))e{T 1 ,T 2 J) = 1, one gets 



d?(2W.) = 

E E E E E E ^cj^^.iid) 



TieB< T 2 e<B< feLeij, U 1 £LynU 2 eLynkeLe 1 {U 2 



E E E E E E W^u^-nw 



TiGS< T 2 eQ3< /eie^ (/iGLyn Ve<8 = fceLe^V) 

Now, permuting the summation symbols gives 
d\(T w .) = 

EE E E E E 4,vSJe- Ai , r 2 .T l( i) 

U 1 eLynU2eLynkeLe 1 (U 2 )T 1 e<B< T 2 S<8< /SLe^ <~ 

+ E E E E E E ^^^u^^-^d), 

t/iGLi/ri Ve93 = feeLe 1 ^) Ti£<B< T 2 G<B< /eLe*, <- 

then, collecting terms depending on T\ leads to 
4(T W .) = 

E E E E E kkB ^[ E «Sia) 

U 1 eLynU2ELynk£Le 1 (U 2 )T 2 £<B< fGLe^ <~ \Tie<8< 

+ E E E EE ^'.u^-f E 4:^(1) I , 

U^LynVe^ k£Le 1 (V)T 2 £<B< f^Le 1 ^ *~ \Tie<8< 
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that is 

dj(T w .) = 

£ £ £ £ £ 



UxeLyn U 2 £Lyn kGLe 1 (U 2 ) T 2 € < B < f£Le^ 2 



* £ £ £ £ £ 



[/iei»n V£<B= keLe 1 (V)T 2 e < B< f&Le\, 



Doing the same for terms in T2, one has 
dj(T w ») = 

( 



y y y c w , 

U 1 £LynU 2 £Lynk£Le 1 {U 2 ) <— 



E E <§i H-r^i) 



£ £ £ £ £ 4& I ii I •%(»>• 

As, for a hxed fc by Lemma \'3. 291 Vj C £ C i Cj^'/ = C T2' ^ ne nrs * term of the above 
sum is equal to 

£ £ ( £ Sa^W^m 

which is the desired term in u 2 Tu*Tjj* (1). 

For the second term, V contains a symmetric subtree of the form T" j\T'. If a leaf 
fc in Le 1 (V) is not in this symmetric subtree, then the tree V Afe U\ also contains 

this symmetric subtree and thus the coefficient c w , is 0. 

V M (7i 

If the leaf k is in the left T' then there exists another leaf k' in Le 1 (y) symmetric 
to fc' in the right T 1 factor. Then, one has 

c w , = -c w . 

V ^fc f/i V !\k' Ui 

and Lemma 13.291 insures that the remaining terms of the second sum cancel each 
other. □ 

3.5. Relations among the coefficients arising from the differential equa- 
tions. From Equation (|26[) . one deduces quadratic relations between coefficients 
a^ v and (3^ v for U, V, W Lyndon words. 

We begin by some obvious remarks for the case where U or V is equal to one of 
the Lyndon word or 1. 

From Lemma 13.201 one derives the following facts about coefficients ot^ v , a v 7 1 , 
0% c and p™ v for e in {0, 1}. 

Lemma 3.49. Let W be a Lyndon word of length greater or equal to 2 and write 
d cy (Tw) as in Theorem \3.44\ 

d cy (T w *) = £ a uyTu* ■ T v . + Y,Pu,v T v* ' 

u<v u,v 

The following holds : 

oW _ oW _ n 

• Po,v — Pv.o — u ' 
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• pV,l = 0, 

• Pi, (7 — a (7,l- 

in particular, /?o,o = pYi = 0. 

Proof. Let TL" be a Lyndon word of length greater or equal to 2. First, as J is 

o 

in J 7 ^, one gets /3|f = 0. 

In d cy (Tw), trees * 9 and * 9 arise only by contracting a root edge or by 
o 1 

contracting the edge e in the two following situation 



T 



T T 1 

Hence, = and as a tree with root decorated by is in Jq, one has 

PoV = 0. From the definition of d cy , one sees that a product TT\* (1) for some tree 
T can only arise from a subtree of type 




As, Tw is a linear combination of trees in *8 < , none of the appearing trees can 
contain a symmetric subtree as the one above which insures that f£y X =0. □ 

Lemma 3.50. The family of elements given by 

{TV* s.t. W Lyndon word} U {IV* (1) s.t. W ^ 0, 1 Lyndon word} 

is linearly independent in Tq. 

As a consequence the following families consist of linearly independent elements: 

• For U and V running trough Lyndon words in 0, 1: 

{Tu.Tv* | U < V} U {Tu,T v ,(l) \0<U,V^0, 1} 

• for the Ui, running through Lyndon words 

{T u; T U5 T U5 }\J {T u: Tu*T us (l)} U {^1^.(1)7^(1)} U {^(1)^(1)^(1)}, 

where the Ui are subject to the constraint below 
-U 1 <U 2 < U 3 , Ui < U 6 , U s < U 9 , U w < U n < U 12 
- U 6 ,U 8 , U 9 ,U 10 ,Uu,U 12 ^0,l 

Proof. As a basis of T coL the elements T\y* where W runs through all Lyndon words 
are linearly independent in 7^™^ and hence their images by (f> t are also linearly 
independent. Indeed, adding the root decoration t introduce no relation. Moreover, 
as (f> t endowed each tree with its canonical numbering, the permutation relation in 
J-q play no role as the canonical numbering produces a set of representative for the 
tree. It is important to remark here that no products are involved in the element 
Tw ■ A similar argument shows that the elements Tyy* (1) (W ^ 0, 1 Lyndon word) 
are linearly independent in Jq. One concludes the first part remarking that in J 7 ^, 
no relation involves both trees with root decorated by t and 1 . 

The second part of the lemma which involved products of trees follows from 
the fact that the permutation relations on a product of tree endowed with their 
canonical numbering keeps tracts of the order of terms in the product. The trees 
involved here being all trivalent, their product is anti-commutative. All involved 
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trees being endowed with their canonical numbering their is no further relation 
than anticommutativity. □ 

Now, we described some quadratic relations satisfy by the coefficients offy and 
0jjv Those relations are nothing but writing d% y (T\y*) = in terms of the above 
linearly independent families. 

Fix W a Lyndon word of length greater or equal to 3 and a, b and c three Lyndon 
words of smaller length. We define, with the restriction a < b < c, a coefficient 
r a <b<c', with the restriction a < b, a coefficient s a <fc,c and, with the restriction 
b < c a coefficient t a ,b<c- In the definitions below, all indices are Lyndon words 
and we have dropped the superscript W . Latter on, we will generally not write the 
superscript W when the context is clear enough. We set: 

(27) - E ( a ^ a lc ~ a«,6<, c + a„, c <6) 

u<a 

+ ^ (- a «,«<c - a u,ba a a .c + a «,c< h ) 

a<u<b 

+ E (- a a,uat c + ab,uaa,c + a u, c aa,b) 



b<u<c 



c<u 



(28) s™ <bc = E ^-<b + E a ^b.c + E - a ^ic 

u u<a u<b 

+ E - a «,u06,c + E a M/?a,c 
u>a u>b 

(29) c< c = E ^lb + E -Mio + E (-<c - vie + /?c, fc ) 

ti u u 

Proposition 3.51. One has the following relations: 

r w _ w _ f w _ n 

1 a<b<c — a a<i)x — L a,b<c ~ u 

for a, b and c respecting the constraints from the above definition. 

Proof. First, we remark that for any Lyndon word M one has 

d cy (T M *(l))= ]T ai y Tu,{\) -T V «(1) + Y,Pu.yTu-{l) -Tv-41), 
u<v u,v 

as one just changes the label of the root which does not change the combinatoric 
of d cy . 

We fix W a Lyndon word of length greater or equal to 3, a, b and c three Lyndon 
words of smaller length. In the following computations, all indices corresponds to 
Lyndon words. 

Beginning with 

dcy(T w .) = ]T oftyTu. - TV. +Y,$j,vTu, -T v .(l), 
u<v u,v 

one computes d 2 cy (Tw) as 

d 2 cy (Tw) = E a u.y d cy(Tu*) ■ T v , + ^ -a^ v T v , ■ d cy (T v *) 
u<v u<v 

+ Y.Pu,vd cv (Tu,) ■ T V .(1) + E -PuyTu* ■ d cy {T v ,{\)). 
u,v u,v 
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Later on we will omit the • for the product. Developing the expression of d cy on 
the right hand side, one obtains that d% y (Tyy*) is equal to 



(AJ) 
{AD 
{AD 
{AD 
{AD 



E E a u,v a v u v 2 T v*T v *T v , 

U<VV!<V 2 

+ E E <%y$ u v a TvfT vs {l)T v . 

U<VVi,Va 

+ E E -° l "u,v a UuU 2 T u''Tu t T U} 

U<VU!<U 2 

+ E E -<v$ 1 ,u a Tu.T u .T U5 (l) 

U<VUi,Va 

+ E E f 3 uy<xv 1 ,vT v *T v *T v .{l) 

U,VVi<V 2 

+ E E ffi,v$ u v 2 T Vl *Tv S {l)Tv*{l) 
u,v v u v 2 

+ E E -Wv^mTu-Tu.WTu.Q.) 

U,VU!<U 2 

+ E E -Pu.y^u^Tu^Tu^l) 
u,v u u u 2 



We expand the above sum in terms of the family 

{TuiTu-Tv* } U {T U2 Tu*T us (1)} U {Tu*Tug (l)T^ (1)} U {Ib« (1)2^ {l)Tu* 2 (1)} 

where the Ui satisfy the constraints from Lemma l3.50l In order to do so, one should 

remark that, as 1 f = in Tq, there is no terms in 7b* (1) and that Lemma \3. 491 
o 

insures that there is no terms in Tu*Tu*Ti* (1) or in Tu*Tu* (l)Ti» (1). Obviously 
4, (TV.) does not give any terms in T Uio {l)T uti (1)^(1). " 

We as sume now that a < b < c. The coefficient of T a *T\,*T c * can only come from 
the sum [A\] and \AT±\ 



From the sum tAfY, one gets 



f E 

E 



W (7 

"%y a Vi,y 2 



u<v 



E " ' ' " ' 

k u<v 



U,V U V!,V 2 



ifa = V 1 <b = V 2 <c = V 
\{ a = V 1 <b = V <c = V 2 



if o = V <b = V l <c = V 2 



which gives, in terms of words a, b and c and using u as independent variable in 
the sum signs, 

u<c u<b u<a 

Similarly, the sums (Ey contributes to the coefficient of T a *Tb*T c * for 



-a c ,u a a,b + 2^ + a b,u° ! a,c + 2^ - a a,v.ab,< 



b<u 



Reorganizing the sums, one sees that the coefficient of T a *Tf,*T c » is exactly r a< t>< c . 
Using the fact that d cy is a differential, that is aL, = 0, one obtains 
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We now assume that a < b. Lemma 13.491 insures that s a <6,i = 0. Thus we can 
assume that c ^ 1. As To*(l) is in J-Z we can also discard that case. Thus, we 
assume that c ^ 0, 1. 

The coefficient of T a *Tb*T c *(l) can only come from the sum PH, GO and 



From the sum ([Ajj), one gets 

£ -Uu,vPv u v 2 if a = Vi < b = V, c = V 2 

u<v 

£ a u,vPv^ if a = V < b = Vi, c = V 2 



u<v 

which gives, in terms of words a, b and c and using u as independent variable in 
the sum signs, 

- a u,bPa,c + 2^ a u,aPb,c- 
u<b u<a 

Similarly, the sums Gy) contributes to the coefficient of T a *T&*T c * for 



£<^, c +£-<A« c 



b<u 



Finally the sum (A^ ) contributes (with V\ — a, V 2 = 6, and V = c) for 

u 

The coefficient of T a *Ti,*T c *(l) is then exactly s a <b.c- Thus as previously, one 
obtains 

Sa<b,c = 0. 

We now compute the coefficient of T *Tf,» (1)T C * (1) with the condition b < c. 
Lemma |3 .491 insures that i a ,&<i = and £o,6<c = 0. Thus we can assume that c ^ 1 
and a / 0. As To* (1) is in FX we can also discard the case b = 0. Thus, we 
assume that b, c ^ 0, 1. 

The coefficient of T a *Tf,* (1)T C » (1) can only come from the sum (A T ), (A T ) and 



(AJ). 



From the sum \A T \ , one gets 



yii y 2 if a = Fi, b = V 2 <c = V 
Y,-Pu,vPv u v 2 if a = V u b = V<c = V 2 



which gives, in terms of words a, b and c and using u as independent variable in 
the sum signs, 

E P*[cPa,b + £ ~P"u,bPa,c- 
u u 

□ 



From the sum (jA^J), one gets 

' £ -0v,v$uV, if a = U,b=U 1<C = U 2 
u 

£ Pu>v0u lt u a if a = U,b = U 2 <c = U 1 . 



So, sum ( Ag 1 1 contributes, in terms of words a, b and c and using u as independent 
variable in the sum signs, for 

E ~P l a,uPb,c + E fia,u@c,b- 
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Finally, from the sum (Af ) with U = a, b = U\ and c = U2, one gets: 

V -B w at 

u 

Hence, the coefficient of T a *Tb*(l)T c * (l), which is , is exactly £ Q ,b< c ; that is 



putting together the terms coming from ( AE ) and ( A$ 



E + E -&lc + E C (-ft,c + Pc,b + -<c) = ta, b <c = 0. 

u u u 

4. From trees to cycles 

In this section we define two "differential systems" for algebraic cycles, one cor- 
responding to cycles with empty at t — and another corresponding to cycles with 
empty fiber at t — 1. Then, we show that there exists two families of cycles in 
N x q ' 1 satisfying these systems induced by two families of cycles in N^T ■ 

In order to define the systems, we need to twist the coefficients obtained in the 
tree differential system from Theorem 13.441 In the first subsection, we consider 
only a combinatorial setting which will be applied later to the cdga 7VJ?i\ r 1 ^y- 

4.1. A combinatorial statement. 

Definition 4.1. Let W be a Lyndon word and U, V two Lyndon words. We set : 

<v = <v + 0u,v ~ Pv,u fo r U < V 

C = -PWv fOT an y u, V 



(30) 
and 



rW _ w 
u,v — a U.\ 



for < U < V, 

b'u.y = *u,v + b^v for < U < V, 
(31) b% v = -a% v + m v for < U < V, 



o,v 



cio.v for any V, 

b 'u,u = b u,u for an y u - 

It is also convenient to define b' ov — b'^ = 0. 

As detailed in Remark 14.41 the above definitions correspond to rewriting the 
differential system (|3.44|) in terms of two others but related families of independent 
vectors in J-q. 

Consider now the two following differential system in a cdga (A, 8a) 

(ED-SI) d A {A w ) = E a^yAuAv + E b% v AuA^ 

u<v u,v 

and 

(ED-21 1 ) d A (A\y)= E a^vAljA'y + Y.b'u.vAuA^ + ^a'oyAoAv, 

0<U<V U,V V 



Remark 4.2. • If IF is the Lyndon word or 1, then the coefficients 



bjj V , a'u V and b' uv are equal to 0. 

Let IF be a Lyndon word. By Remark 13.451 if the length of U plus the one 
of V is not equal to the length of IF, then the coefficients <Xjj V , b^f v , a'^ v 
and b' uv are equal to 0. In particular, Equation (|ED-2l[) and Equation 
(jED-21 1 !) involve only Lyndon words of length smaller than the length of 
IF. 
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• From Lemma [HUH] and Definition 14.11 one sees that 

w _ iw _, w _yw _ „ , , w _ }W _ h ,w _ h ,w 
a u,i — a u,i — °u,i — u.i — u ana °oy — °u,o — o,v — v,o — u - 

Proposition 4.3. Let (A,d A ) be a cdga and p be an integer 2. Assume that 
there exists element Ay ( resp. Ay ) in A for any Lyndon word of length k with 
2 ^ k ^ p — 1 satisfying (|ED-2l[) ( resp. (jED-21 1 )) ) and elements Aq and A\ such 
that 

d(A o ) = d(A 1 ) = 0. 
Let W be a Lyndon word of length p. Let %Ia be defined by 

% A =J2 a uyAuA v + h uyA v A v , 
u<v uy 

and 21^1 by 

SU* = a'^yA^Ay+^b'uyAuA^ 
u<v uy 

Then, one has 

d A (% A ) = d A (% A i) = 0. 

The definition of 21,4 and 21^1 only involve only words of length strictly smaller 
than the one of W . 



Proof. From Definition 14. H we remark that for any Wq of length < p, one has 

(32) d A (A Wo )-d A (A\y ) = 

J2 (a^yAuAy + a^ v AlA v + a^yAyAl - a^AyAy) . 

0<U<V<1 

Similarly, one has 
(33) 

% A - 2t A x = J2 { a uyAuA v + a^ y A]jA v + a^AyA^ - a^ v A v A v ) . 

0<U<V<1 

First we want to prove that d A (% A ) = 0. One computes 

cU(2U) = a% v d A (Au)A v + -a% v Aud A (A v ) 
u<v u<v 

+ Y. b uydA{Au)A v + Y.- b vyAud A {A v ). 

uy uy 
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Rewriting the above equation, in order to use differences d A (Aw ) ~ 9 A (Aw ) and 
thus work only with coefficients o^j°y and b u ° Vo , gives: 

(Si 4 ) 



(b' 2 ' a ) 



(b 3 ) 



(b£) 



(b' 3 a ) 



[b£) 



& A ) 



[b£) 



d A (X A ) = E «V ~ ^,u)Oa{Au)A v 
u<v 

+ J2(- a u,v-b% v )Aud A (A v ) 
u<v 

+ J2-b% u A u d A (A u ) 

u 

+ E b^ v d A (Au)A v 
u<v 

+ Y b u,udA(A u )A 1 u 
u 

+ E K',ud A {Av)A\j 
u<v 

+ E h uyAu (d A (A v ) - d A (A v )) 

u<v 

+ /Z b u,u A u (d A (Au) - d A {A]j)) 

u 

+ E bv,uAv (d A (Au) - d A {A\j)) 



u<v 



The signs are computed using the fact that J\f x is graded commutative and the fact 
that elements Aw and A\ Vo are of degree I while their differentials are of degree 
2. 

Now, using the induction hypothesis, one can write 9^(21^) in terms of the 
following products (u, v and w are Lyndon words): 

A U A V A W , A U A V A W , A U A V A W) and A U A V A W , 

which gives 

d A {^-A) = r u< v <cA u A v A w + sJ ) <v w A u A v Al v + 

u<v<w u<v, 

w 

Ef cy A A 1 A 1 4- n cy A 1 A 1 A 1 



Fix u < v < w, terms in r cy <v< w can not come from the above sums {B^ ), [B^ A 



or ( B± I . In one hand sum, ( Bf 



gives 



E«v^) E a, VuV2 A Vl A V2 A, 
u<v v x <v 2 



plus extra terms which do not contribute to r a<b<c . In the other hand, sum (£>g 



gives 

E b v.u E a v u v 2 AvA Vl A V2 

U<V 0<Vi<V 2 <l 

plus extra terms which do not contribute to r cy <b<c . Hence, as a u ° l = for any 
Uq, Wq, the contribution of (B A I and \B§ \ is given by the sum 



E E a% v aU iy2 A Vl A V2 A v + J2 E «v ~ Q^.vA^Ay. 
*y<vo<Vi<v 2 <i (7<yo<y 2 <i 
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Similar remarks hold for sums (b£\ , \Bj A \ , AbQ and W£J and the contribu- 
tion to r c a v <b<c is given by 



(34) 
(35) 
(36) 
(37) 
(38) 



e e a v,vay l V2 A Vl A V2 A V 

u<vo<V!<v 2 <i 



E E Kv-bV,u)a^,v 2 AoA V2 A^ 

U<V0<V 2 <1 

E E -au,v a u 1 ,u 2 A u A u 1 Au 2 

P<V0<[/i<[/ 2 <1 

E E (-« 



U,V ~ u U,V) u 0,U 3 



a o,u 2 A uA A U2 



U<V0<U 2 <1 

E E -^<^^/ 2 . 

[/ 0<t/ 2 <l 



First, we assume that u > 0. Then, sums (f3"5j) . (f3"T)) . do not contribute to 
r u<v<w an< i a computation, similar to the computation giving r a< f, <c at the previ- 
ous section, gives (dropping superscripts W) 



(39) 



^ ^ a m,u a ^ v . w H~ ^ ^ 



Now, we expand each products of the type a 7n ^ u a r ^ w as 



Q-m.u&y^-uj — (^m.u H™ Pm,u $u,m){& v ^ w H~ /^tu P w ,v) 
_ TO j_ am 
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Taking care of signs and permutation of the indices, we obtain regrouping some 
summation signs 



r u<v<w — ^ ' a -m,uOi v w + ^ ' a m,v a u ,w ^ ' Oi m , w Ct u v 

m<u m<v m<w 

u<m v<m w<m 

m<u m<v m<w 

u<m v<m w<m 

m<u m<v m<w 

u<m v<m w<m 

m^u m^v m^w 

m^u m^v w^m 

+ ^ ] Pm,uf3 v . w + ^ ' ~0m,vP u ,w ^ ' Pm,wP u ,v 
m^u m^v m^w 

m^u m^v m^w 

m^u m^v w^m 

m^u m^v m^w 

The two first line of the above sums are equal to r u<v<w . The remaining terms 
are reorganized into the six following sums: 

y ' Pm,u a v , w + ^ ' a m,v/3 w u + ^ ' —0L m ^ w f3 v u + ^ ] ~ a v,m/3 w ^ u 
m^u m<v m<w v<m 



+ J2 - 



m^w m<u m<v u<m 



v < m 
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m^w m^v m^u rn^u 



m^w m^u m^v m^v 

y ] ftm,vl3 w u + ^ ] —f3 m ,uP w ^ v + ^ ] — Pw,m a u,v ^ ] ~Pw,mP u ,v 
m^v ra^u m^w rn^w 

It is then easy to recognized that 

as the extra needed equality cases in the sums cancel each other. Finally, using 
Proposition 13. 5 U one obtains 

r cy = n 

Now, we assume that u — 0. Sum does not contribute to r^ <v<w as ^ 
U < V. Sum ([H contribute (0 = U, Ui = V and U 2 = w) for 



0<m 

Similarly, sums (I35|) and (|3"T1) contribute respectively for 

m<v rn<w 

and 

^ ^ ( ^t?,m ^"U,7Ti.)^0,iu ^ ^ ( ^w.m ^uj,m)^0,v' 

when sum (l38l) contributes for 



Thus, with it = r^< tI<w can be written as 
(40) 



w<m 7n<v 



7n<u u<m rn m 

The two extra terms arising cancel with 
and 
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equality terms adding up to gives the remaining missing equality terms. As /?o,w — 
Pwo.o — the other terms appearing in t VtU<w and t WM<v vanish and one can write 
for u = 

Now. we assume only that u < v and we will show that s c ^ <v w = by a similar 



computation. Here all sums iB^)' \B£ \ contribute. Precisely, the contribution 



to s u<v ^ w is induced by 

(41) E E «v - tyuKyAnAvAv 

U<VVi,V 2 

( 42 ) + E E ("<v " €v)$x,a 2 ^Max< 

( 43 ) +E E -^v^.t^^k 

£/ (7x,i/2 

(44) + E E ^v<^v,^/X 

( 45 ) +E E ^4,v a ^A Va ^ 

17 Vx<V 2 

(46) + E E &^<,^xA^ 

(47) +E E -^<,a 2 ^^x< 

U<V 0<U!<U 2 <1 

(48) +E E & Mx,c/ 2 ^M^ax 

U<V 0<U!<U 2 <1 

(49) +E E -^^^^^4, 

U 0<U!<U 2 <1 

(5°) +E E bu^UuuAuAu^ 

U 0<U 1 <U 2 <1 

( 51 ) +E E -&V& jVa AyA Vl < 

C/<V0<V r x<V r 2 <l 

(52) +E E ^a4x,y 2 ^V 2 4x- 

(7<vo<yi<v 2 <i 

The same types of arguments as before show that sum pTj) contributes for 
sum (g2]) for 

—bu, u b vw + b VjV b uw 

and sum for 

Sums (gU), (gSJ) and (gB|) contributes to s£< w w for 



E7 7) 
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The above contribution to s c ^ <v w can be written as 

^ t b m ,w a u ,v "I" ^ ] ~ a m,vb u w + ^ ^ Clm,ub v w + ^ ] a u,m^ u ,u,+ 
m m<ii m<u v<m 

u<m m rn 

The other sums do not always contribute depending on the relative place of ui with 
respect to it < u. 

We assume for a time that it < v < w. Then, sums (J^HJ) , (|5H)) and do not 
contribute. From sums (|Tf)) . (j^ll and (p)Tj) arises a contribution in 

m m 

Hence, s^ <v w is equal to 

cy —X^h n m -uX^h b m -\-S^ -h h m 

s u<v,w — / "m,m"-ti,t! / u v,mU u ,w < / < u u,mU vw 

rn m m 

+ ^ ] ~ a m,vb u w + ^ ] 0-m,ub v w + ^ ] a v,mb UtW + ^ ] ~ a "u.,m.b VtW 

m<v m<u v<m u<m 

I \ ^ 7 m , \ ^ 7 m 

t / / —o u ^ n a v w -\- / y o Vym a uw . 

rn m 

Expanding X) m <« a m,«^ and S«<m - a u,m & ™,« in terms of a's and /3's and can- 
celing terms in /3„ jm , gives 

^ ] a m,ub v _ w + ^ ] ^o, u , m b v w + ^ ^ ~b u ^ m b v w 

= y t ~OZ m ,u/3 vw + ^ ] 0> UiTn /3 v w + ^ ] ~Pm,uP VtW - 
m<u u<m m 

Similarly, one has 

^ , ~ a m,vb u w + ^ ] a v,mb u w + ^ ] b v ^ m b u w 

— ^ ] a m,v/3 u ,w ^ ] ~ a v,m0u t w ~t~ ^ ] Pm,vfi u ,w 

Using these remarks and expanding b v ^ m b™ w in terms of the a's and /3's, s„<„ w 
can be written as 



s u<v,w ^ ' ^m.wOi u v + ^ ] Prn,wP u ,v ^ ] Prn,wP v . u 

m TCI TCI 

+ ^ ] ~ a m,uf3 v ^ w + ^ ] a u,m0v,w ^ ] — Pm,ufi v>w 
m<u u<m rn 

+ ^ ] a m,vfi u ,w + ^ ] ~~ a v,mfi u ^ w ^ ] Ptci,vP u ,w 

m<v V<TCl TCI 

+ ^ ] —b u ,m a VtW + ^ ] b v , m a- UtW - 

in m 

We remark that 
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Then, expanding ^ m —b u ^ m a™ w in terms of a's and /3 's, we compute 

^ . ~~b u m a v w + ^ — Pm,wP u ,v ~l~ ^ ^ Pm,vP u ,w — ~tu,v<w 
m rn rn 

and 

+ 



Hence, for u < v < w 



In the case where u < w < v, an identical computation shoes that the sum 
E ra -b u , m a™ w is replace by J2 m bu,ma™, v and one finds 

When w < u < v, both sums J2 m ~ b u, m a™ w and J2 m bv, m a™ w are replaced by 
Y^m bu, m a™ v and £\ -&u,m<C.„ respectively which gives: 



„ c v — 



In the case where w = u (resp. w = v), there is no contribution in —b u ^ m o^ w 
(resp. in ^ m b VtTn o^ w ) to s^<„ However, in this case a cancellation arises in the 
other terms: that is for u — w 



^ , Pm,wP vu + ^ ] /3m,u/3 v w — 



and for v = 



Thus, the above discussion gives in these cases either s^ <v w — —s u<v , c +t u . w<v = 

— which concludes the case of s c ^ <VtW . 

... = for all 



cy 

or s u<v 



In order to show that Da^a) = 0, we still need to check that f„ t 



admissible choices of u, v, and w. We fix Lyndon words u, v < w. As b y ind uc tion 
<9a(^W ) do not produce any product of the form A\j o A Vq . the sums (B^), [B^ 
and (B 2 ' A ) do not contribute. Thus the coefficient if, y „^„, comes from 



(53) 
(54) 
(55) 
(56) 
(57) 
(58) 



do not contribute. Thus the coefficient t^ v<w 

E E ^yb^, V2 A Vl A^ v 
U<V Vi , v 2 

+ E E bvv^uAu^Ah 
u<vu 1 ,u 2 

+ E E Wub^uAu^hAh 
u u ± ,u 2 

+ E E 

c/<y o<c/i<?72<i 

+E E 

(7 0<[/i<[/ 2 <1 

+ E E 

[7<V 0<C/i<C/ 2 <l 



7> w o y At, A 1 A 1 



h W n U ArrA 1 A 1 

°u,v a u 1 ,u 2 A u^u 1 Ji u 2 



h W n U At, A 1 A 1 
°v,u a v 1 ,v 2 a va Vi a V2 



First we should remark that the last three sums do not contribute if either v or w 
is equal to or 1. In this case, previous comments (cf. Lemma f3.49[) insure that 
the first three sums contribute for as the various products of the form b^jyb^ y 2 
involved are 0. Thus we can assume that < v < w < 1. 
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The last three sums contribute for 



Sum (1551) contributes for 



m<Cv m<w 

sum (|5T|) contributes for 

^ ^ b7n,ybu,w ^ ^ b nl w b UjW: 
m>v m>w 

and sum (|55|) gives the equality case. Finally, one has 

^u,v<w ^ ^ b mv b UjW -\- ^ ^ b 7njW b UjW -\- ^ ^ b u rrl Q v w — tu,v<w 0. 

rn mm 

As no terms in A^AlA^ can arise from d_\ (21a ) we have shown that 

3a(2U) = 0. 

We now need to show that Oa^a 1 ) = 0. In order to avoid working with the a' 
and b' , we will show that &a (21 a — 21a i ) = 0. One has 

2U - 2l A1 = £ < y (At, Ay + + - 

0<U<V<1 

= E <v((A/-^)(Ay-A y )) 

0<!7<y<l 

and 



SaCSU - 2t A1 ) = E - d A {A\j))A v 

:v<i 

C/<F<1 

E -a^iKS^v) - Wv)) 

U<V<1 

E < y A^(A v ) - cU(A v )). 



0<(7<V<1 



0<C/<V<1 



Again, using the induction hypothesis, this expression decomposes in terms of 
products of the form 



A U A V A W , AuAyA^, AuA^A^, and A^A^A^,. 

The computations are closely related to what was done in order to prove that 
8a(AL) = but generally speaking the situation here is much more symmetric. In 
particular it is easy to see that 



9a(^-a — 21^41) — {ru <v<w A u A v A w — rJ' <v<w Al 1 AlAl u )+ 

u<v<w 

terms in A U A V A X W and AuA^A^. 

The situations for coefficients of AuAyA^ and AuA^A^ are very similar, so we 
will discuss only the case of AuAyA^. 
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Computing d^i^A — 2l^i) using the induction hypothesis, the contribution to 
A U A V A! W (u < v) comes from 

E E -^u,v4 uV2 A Vl A^A v 
o<u<v<i o<Vi<y 2 <i 

+ E E a v,v«v u vAv*MrAv 
o<c/<y<io<Vi<y 2 <i 

+ E E - a uy^ uV2 A Vl A V2 A\, 

0<V <V <10<V 2 <V 2 <1 

+ E E a u,v a UuV a A vM^b a 

0<U<V<10<U!<U 2 <1 

+ E E -tt^^X, 

o<c/<y<io<c/i<c/ 2 <i 

+ E E auy^uAljAu.Au,. 

o<c/<y<io<c/i<c/ 2 <i 

Depending on the relative position of w with respect to u and v not all sums 
contribute. Assuming that u < v < w, the second and fifth sums do not contribute 
and the coefficient of AuAyA^ is given by 

-r cy = 0. 

u,v,w 

In the case where u < w < v (resp. w < u < v) the coefficient will be given 
by r c ^ w v (resp. —r^ u v ). As previously, in the equality cases (w = v or w = u) 
cancellations arise among the different sums. In the case w = v, the second and 
fifth sums do not contribute and the coefficient of A U A V A X W is given by 

^ ] a m,v a u ,w "I" ^ ] ~ a v,m a >u,w "t" ^ ] ~ a m,wQ- u ,v ^ ] a w,mQ- u ,v 
rn<v v<m m<w w<m 

which is for v = w. □ 

Remark 4.4. For any Lyndon words, let denote the difference T\y* — 2V»(1). 
The above computations for 21,4 can be seen as writing the differential d cy (Tw* ) in 
terms of the following independent families 

Tu* ■ Ty for U < V, T v * ■ Ty» for any Lyndon words U, V 

and remarking that d^, y = 0. For 2l^i , these computations correspond to the 
differential d CJ/ (T^r«) written in terms of 

Tjj* -T v , for < U < V < 1, Tu» ■ T v , and T , ■ Ty, for any Lyndon words U, V 

together with the fact that d\ y = 0. 

In this context showing that 21^ and 2l^i have differential is obvious as it 
is just a change of basis. However, latter on we will not have relations as simple 
as TJy» = TV* — TV* (1) and relying on a change of basis argument may still be 
possible but would certainly demand great attention. Proposition 14.31 will be used 
to prove Theorem 14. 121 

4.2. Equidimensional cycles. We recall that the base field is Q and that all 
varieties considered below are Q varieties. 

Definition 4.5 (Equidimensionality) . Let Y be an irreducible smooth variety 

• Let Z"j! q (Y, n) denote the free abelian group generated by irreducible closed 
subvarieties Z C Y x such that for any faces F of □", the intersection 
Z n Y x F is empty or the restriction of pi : Y x — > Y to 

Z n (Y x F) — > Y 
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is equidimensional of relative dimension dim(i ? ) — p. 

• We say that elements of Zf q ( Y, n) are equidimensional over Y with respect 
any faces or simply equidimensional. 

• Following the definition oiM Y {p), let Af Y 9 ' k (p) denote 

Afy' k (p) = Alt (ZP q (Y, 2p-k)®Q). 
Definition 4.6. Let C be an element of J\f Y decomposed in terms of cycles as 

C = s £ j q i Z h q t eQ 
iei 

where / is a finite set and where the Zi are irreducible closed subvarieties of Y x 
intersecting all the faces of □"* properly (that is in codimension p{). 

• The support of C is define has 

Supp(C) = |JZ 4 . 

i 

• For C in Af Y ' k (p) , we will say that C has empty fiber at a point y in Y if 
for any i in / the fiber of Zi — > Y at y is empty. 

Proposition 4.7. Let Y be an irreducible smooth variety. 

(1) The differential dy on J\f Y induces a differential : 

N Y q - k {p)^N Y q - k { P ) 

which makes N Y q, '{p) into a sub-complex of J\f Y (p). 

(2) JV Y '° = © p >oA/"y 9 ' * (p) is a subalgebra (sub-cdga) of M Y . 

(3) Assume that Z or Z' has an empty fiber at a point y in Y . Then the fiber 
at y of Z ■ Z' is empty. 

Proof. As the generators of ZP q ( Y, 2p — k) are equidimensional over Y when in- 
tersected with any faces, they stay equidimensional over Y with respect to any 
faces when intersected with a codimension 1 face because a face intersected with a 
codimension 1 face is another face or the intersection is empty. This gives the first 
point. 

Let Z (resp. Z') a generator of Z§ q (Y, 2p — k) (resp. Z% q {Y, 2q — I)) for p, q, 
k and I integers. By definition, for any face F C D 2p ~ k (resp. F' C D 2q ~ l ), the 
projection 

pi : Z n (X x F) — »• Y (resp. Pl : Z' n (X x F') — > Y) 

is equidimensional of relative dimension dim(F) — p (resp. dxm(F' ) — q) or the above 
intersections are empty. 

Let F and F 1 be two faces has above and assume that none of the above inter- 
sections is empty. Then, 

ZxZ'f](YxYxFxF')cYxYx □ 2 (p+9)-'=-' 

is equidimensional over Y x Y of relative dimension dim(F) + dim(F') — p — q. In 
particular for any point x in the image of the diagonal A : Y — > Y xY, one has 

dim (Z x Z' n (Y x Y x F x F%) = 

dim(Z x Z'n ({x} xFx F')) = 

dim({x}) + dim(F) + dim(F') - p-q 
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and Z x Z' n (im(A) x F x F') is equidimensional over Y of relative dimension 
dim(F) + dim(F') — p — q by any of the two projections Y x Y — > Y . If either 
Z n (Y x F) or Z' n (Y x F') is empty then the intersection 

Z x Z' C\ (Y xY x F x F') 

is empty and so is Z x Z 1 n (im(A) x F x F'). 
From this, we deduce that 

(A x id) _1 (Z xZ')-Zx Z'n (im(A) x EpCp+oO-fc-^ 
is equidimensional over Y with respect to any faces. Hence, 
Z Z' = Alt((A x id )-\Z x Z')) e A/? 

and the product in A/J induces a cdga structure on 7Vy 9 ' * which makes it into a 
sub-cdga. 

Moreover, from the above computation, one see that if the fiber of Z is empty 
at a point y, then, denoting with a subscript y the various fibers at y, one has 

(A x id)- x (Z x Z% = Zx Z'r\({(y,y)} x tfCp+^-fe-') = Zy x Z' y = 0. 

The same holds if Z' is empty at y which gives the last point of the proposition. □ 

In order to compare situation in Wj^ and in A/^n we will use the following 
proposition. 

Proposition 4.8. Let Yq be an open dense subset ofY an irreducible smooth variety 
and let j : Yq — > Y the inclusion. Then the restriction of cycles from Y to Yq 
induces a morphism of cdga 

j* : My'' * — > Nyo''- 
Moreover, Let C be in N Y() and be decomposed in terms of cycles as 

C = J2liZi, ft6Q 
iei 

where L is a finite set. Assume that for any i, the Zariski closure Zi of Zi inY x 
intersected with any face F of D ni is equidimensional over Y of relative dimension 
dim(F) — pi. Define C as 

iei 

then, 

C" G Ny' ' and C = j*{C) £ N Y q o ' * . 

Proof. It is enough to prove the proposition for generators of M Y q ' ' and J\f Y q ' '. 

Let Z (resp. Z') be an irreducible, closed subvariety of codimension p (resp. p') 
Y x D 2 P- k (resp. of Y x nV-*') sucn that for any face F (resp. F') of U 2 P~ k 
(resp. of D 2p ~ k ) the intersection 

Z n (Y x F) (resp. Z' x (Y x F')) 

is equidimensional over Y of relative dimension dim(F) — p (resp. dim(F') — p'). 
Let Z and Z' be the intersections Z n Y and Z' n Y . As, for any faces F of 

z n (y x f) = (z n (y x f)) n y x a 2p - k 

(resp. Z n (Y x F) = (Z' n (Y x F)) n Y x nV-fe'^ ; 

Z and Zq are equidimensional with respect to any face over Y with relative di- 
mension dim(F) — p (resp. dim(F)p). This also shows that j* commutes with the 
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differential on M Y q ''* and on Af%?'°- In order to show that j* commute with the 
product structure, it suffices to remark that 

z xz' = (zx z') n y x y ' x □ao**')-*-*' cYxYx a^p+p')-^ 1 \ 

Let C and C be as in the proposition. The fact that C is in M Y q '' * follows 
directly from the definition. To prove that 

c = f(C)£M Y y, 

we can assume that / contains only one element 1 and that q\ = 1. Then it follows 
from the fact that Z x = Y[ n Y C Y . 

□ 

Proposition 4.9 (multiplication and equimensionality) . Let m : A 1 x A 1 — > A 1 

be the multiplication map sending (x,y) to xy and let t : D 1 = P 1 \ {1} — > A 1 be 
the isomorphism sending the affine coordinates u to jz^- The map r sends oo to 
0, to 1 and extends as a map from P 1 to P 1 sending 1 to oo. 

Maps m and r are in particular flat and equidimensional of relative dimension 
1 and respectively. 

Consider the following commutative diagram for a positive integer n 

(mo(id Al xx))xid r-i n 

A 1 x D 1 x > A 1 x 



mo(id . -i Xt) 

k 1 x D 1 > A 1 



In the following statement, p, k and n will denote positive integers subject to the 
relation n — 2p — k 

• the composition rh— (mo (id^i t)) x idpjn induces a group morphism 



n 



which extends into a morphism of complexes for any p 

^•( P )^^; D1 ( P ). 

• Moreover, one has a natural morphism 

h\ l n : Zl q (h} x U\ n) — > Zl q {k\n + 1) 

given by regrouping the □ 's factors. 

• The composition n* = h p hl n °m* gives a morphism 

sending equidimensional cycles with empty fiber at to equidimensional 
cycles with empty fiber at 0. 

• Let 9 : A 1 — > A 1 be the involution sending the natural affine coordinate t 
to 1 — t. Twisting the multiplication rh by 9 via 

A 1 x D 1 x > A 1 x 



'□n + l 



i 1 x a 1 x A 1 x 
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gives a morphism 

sending equidimensional cycles with empty fiber at 1 to equidimensional 
cycles with empty fiber at 1. 

Proof. It is enough to work with generators of ZP q (A 1 ,n). Let Z be an irreducible 
subvariety of A 1 x such that for any faces F of □", the first projection 

p A i : ZD (A 1 x F) — > A 1 

is equidimensional of relative dimension dim(.F) — p or empty. Let F be a face of 
□". First, We want to show that under the projection A 1 x D 1 x — ► A 1 x D 1 , 

m _1 (Z) n (A 1 x D 1 x F) — > A 1 x D 1 

is equidimensional of relative dimension dim(F) — p or empty. This follows from the 
fact that Z (~l (A 1 x F) is equidimensional over A 1 and m is fiat and equidimensional 
of relative dimension 1 (hence are m x r and fa) . The map m is identity on the 
factor, thus for Z C A 1 x □" as above and a codimension 1 face F of □", fh~ 1 (Z) 
satisfies 

m _1 (Z) n (A 1 x D 1 x F) = mT x {Z n (A 1 x F)) 

which makes m* into a morphism of complex. 

Moreover, assuming that the fiber of Z at is empty, as m restricted to 

{0} x D 1 x □" 

factors trough the inclusion {0} x — > A 1 x the intersection 

m" 1 (Z)n({0} x D 1 x 

is empty. Hence the fiber of m^ 1 {Z) over {0} x D 1 (resp. over {0}) by Pa 1 x D 1 
(resp. p A i op A i xD i) is empty. 

Now, let Z be an irreducible subvariety of A 1 x D 1 x □" such that for any face 
F of 

Zn (A 1 x D 1 x F) — > A 1 x D 1 
is equidimensional of relative dimension dim(i 7 ') — p. Let F' be a face of 

D n+1 = D l x D ™_ 

The face F' is either of the form D 1 x F or of the form {e} x F with F a face of 
□" and e e {0, oo}. If F' is of the first type, as 

ZD (A 1 x D 1 x F) — ► A 1 x D 1 

is equidimensional and as A 1 x D 1 — > A 1 is equidimensional of relative dimension 
1, the projection 

Z(l (A 1 x D 1 x F) — > A 1 

is equidimensional of relative dimension 

dim(F) -p+l = dim(F') - p. 

If F' is of the second type, by symmetry of the role of and oo, we can assume 
that e = 0. Then, the intersection 

Z n (A 1 x {0} x F) 

is nothing but the fiber of Z fl (A 1 x D 1 x F) over A 1 x {0}. Hence, it has pure 
dimension dim^) —p+1. 

Moreover, denoting with a subscript the fiber, the composition 

Z n (A 1 x {0} x F) = (Z n (A 1 x D 1 x F)) Alx — > A 1 x {0} — > A 1 
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is equidimensional of relative dimension 

dim(F) — p = Aiva{F') — p. 

This shows that h? kl n gives a well define morphism and that it preserves the fiber 
at a point x in A 1 ; in particular if Z has an empty fiber at 0, so does h v K1 n {Z). 

Finally, the last part of the proposition is deduced from the fact that 9 exchanges 
the role of and 1 . □ 



Remark 4.10. We have remarked that rh sends cycles with empty fiber at to cycles 
with empty fiber at any point in {0} x □ . Similarly rh sends cycles with empty 
fiber at to cycles that also have an empty fiber at any point in A 1 x {oo}. 

From the proof of Levine's Proposition 4.2 in |Lev94| . we deduce that \x* gives 
a homotopy between p$ o i*> and id where ig is the zero section {0} — > A 1 and po 
the projection onto the point {0}. 

Proposition 4.11. Notations are the ones from Proposition \4-9\ above. Let Iq 
(resp. i\) be the inclusion of (resp. 1) in A 1 . 

i : {0} — ^A 1 h:{l] — ^A 1 

and let pg and p\ be the corresponding projections p e : A 1 — 5- {e} for e = 0, 1. 
Then, /i* provides a homotopy between 

p* Q o i* and id : Afjg' ' — > Af*j' ' 

and similarly v* provides a homotopy between 

p\ o i\ and id : Af^f' ' — > Af^f' V 

In other words, one has 

d&i o /i* + fi* o <9 A i = id — Pq o Jq and d&i o v* + v* o 9 A i = id — p[ o i* 

The proposition follows from commuting the different compositions involved and 
the relation between the differential on ■A/^?' x *pi and the one on A/^?' * via the map 
hi, . 

Proof. We denote by z □ and io^n the zero section and the infinity section A 1 — s- 
A 1 x D 1 . The action of 6 only exchanges the role of and 1 in A 1 , hence it is enough 
to prove the statement for fi* . As previously, in order to obtain the proposition for 
Af^f' k (p), it is enough to work on the generators of Zf^A 1 , n) with n = 2p — k. 

By the previous proposition ^. 91 rh* commutes with the differential on Zf^A 1 , •) 
and on Z^! q (A 1 x D 1 , •). As the morphism /i* is defined by /i* = h p Kl n o to*, the 
proof relies on computing 9 A i o h p kl n . Let Z be a generator of ZP q (A 1 x □ 1 ,n). In 
particular, 

Z C A 1 x D 1 x 

and /i Al n (Z) is also given by Z but viewed in 

A 1 x D n+1 . 

The differentials denoted by on Z p q (A 1 ,n+1) and xD i on Zf 9 (A 1 x D 1 , n) 
are both given by intersections with the codimension 1 faces but the first D 1 factor 
in D n+1 gives two more faces and introduces a change of sign. Namely, using an 
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extra subscript to indicate in which cycle groups the intersections take place, one 
has 



^(hi.jz)) ^(-lr 1 (a? A1 (z) - d™ A1 (z)) 
»=i 

=0° A1 (z) - (z) - £(-i) <_2 (a?, A i (^) - a?°Ai (z)) 

n 

=^n(^) -C,n(^) -E^l)*" 1 (d° +hA1 (Z)-d% hA1 (Z)) 

i=l 

=^n(^)-C,n(^) 

n 

-E(-ir 1 ('>: 1 ,„-i"4xD 1 (2)-K,„v^xD 1 (2)) 

i=l 

=iS,n(^) - C,n(^) - ^i,„_i ° ^ lxQ1 (Z). 
Thus, one can compute <9 A i o p* + p* o <9 A i on ZP q (A 1 ,n) as 

<9 A i o p* + /z* o 9 A i =d A i o /l A i „ o to* + /lASn-l °m* o d A i 

=i* a O TO* - i^ )D O TO* - ft A l )n _i O 9 A i O TO* 
+ /lAi,n-l °9 A i OTO* 

=i on om -i 00y u om ■ 
The morphism i*^ Q o to* is induced by 



o.D . n _! r 



x D 1 A 1 x A 1 
x I > (x, oo ) I > (x, 0) h 

which factors through 



^ -^EL> A 1 x D 1 — A 1 x A 1 — A 1 

Pa I id A i 

1 *° , Al 



Thus, 

C,D ° m* = (i o p )* = p* o i*. 

Similarly i*, n o to* is induced by 



— ^ A 1 x D 1 



x I > (x, 0) I > (x, 1) I > x 

which factors through id A i : A 1 — > A 1 and one has 

Iq n o to* = id 

which concludes the proof of the proposition. □ 
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4.3. Cycles over X = P 1 \ {0,1, 00} corresponding to multiple polyloga- 

rithms. Set £0 = Lq and C\ — L\ where Lq and L\ are the cycles in M\{\) 
defined in Section 12.51 induced by the graph or 1 1— > t and 1 1-> 1 — t from X — > P 1 . 
Consider the two following differential systems 

(ED-£) d{C w ) = a^.vCuCv + £ b^ v C v C\ 

u<v u,v 

and 

(ed-/: 1 ) d(£ 1 w )= ]T 4v44 + EC^4 + E a VWv 

0<U<V U,V V 

where coefficients a^jy, b^fjy, a'^y and b'^fy are the ones defined at Definition 14. II 
These differential equations are exactly the differential system considered in sec- 
tion o 

Theorem 4.12. Let j be the inclusion X A . For any Lyndon word of length 
p greater or equal to 2, there exists two cycles Cw and C w in Mx(p) such that : 

• Cw, C w are elements in Af x q,1 (p). 

• There exists cycles Cw, C w wTVT?' (p) such that 

C w =j*(C w ) and C w =j*(C w ). 

• The restriction of Cw (resp. C 1 ) to the fiber t = (resp. t = 1 ) is em pty. 

• The cycle Cw (resp. C w ) satisfies the equation $ED-C\ (resp (jED-/: 1 )) ) in 
J\fx and the same holds for its extension Cw ( resp. C w ) to A/T?' * • 

The rest of the section is essentially devoted i nto prov ing the above theorem. 
Let A c and A c i denote the R.H.S of (|ED-£j) and (lED-l 1 !) respectively. The proof 
works by induction and will be developed as follows 

• Reviewing the cycles £01 an d £01 presented in subsection 12.51 in order to 
show that they gives the desired cycles for W = 01. 

• Proving that Ac and A^ have differential in Af x . This has essentially 
been proved in Proposition 14.31 

• Extending Ac and A^i to A 1 and proving in Lemma 14.141 that the differ- 
ential stay in A/jTi • 

• Finally constructing Cw and C w by pull-back by the multiplication and 
pull-back by the twisted multiplication at Lemma 14.151 

• Proving that the pull-back by the (twisted) multiplication preserves the 
equidimensionality property and has empty fiber at t = (resp. t = 1) was 
done at Proposition 14.91 

• Showing that Cw and C w satisfy the expected differential equations fol- 
lows from the homotopy property of the (twisted) multiplication given in 
Proposition 14.111 

Proof. We initiate the induction with the only Lyndon word of length 2: W = 01. 

Example 4.13. In Section |2~51 we have already considered the product 

b = £ £i = [t;t,l-t]. C X x D 2 . 

In other word, b is, up to projection on the alternating elements, nothing but the 
graph of the function X — > (P 1 ) 2 sending t to (t, 1 — t). Its closure b in A 1 x D 2 
is induced by the graph of t h-> (i, 1 — t) viewed as a function from A 1 to (P 1 ) 2 : 

b=[t;t,l-t] cA'xtf. 

From this expression, one sees that d&i(b) = 0. 
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Proposition 14.71 already insure that b is equidimensional over X as it is the case 
for both Co and C\. Then, in order to show that b is equidimensional over A 1 , it 
is enough to look the fiber over and 1. In both case, the fiber is empty and b is 
equidimensional over A 1 . Now, set 

£oi = fi*(p) an d Cm = u*(b) 
where fi* and v* are defined as in Proposition ^. 91 The same proposition shows that 
£oi and C\\ are equidimensional over A 1 and more precisely elements of A/??' (2). 

The fibers at and 1 of b being empty and as d&i (b) = 0, one conclude from 
Proposition 14.111 that 

<9 A i(£oi) = <9 A i(£oi) = 

Finally, we define 

C 01 =j*{C 01 ) and £l 1 =j*(C} )1 ) 

where j is the inclusion X — > A 1 and conclude using Proposition 14.81 

One can explicitly compute the two pull-backs and obtain a parametric repre- 
sentation 

t x — t 

£ i = [t;l ,x, 1 - x], C Q1 = [t; -,x, 1 - x]. 

X x — 1 

In order to compute the pull-back, one should remark that if u = 1 — t/x then 

t 



1 -u 

Computing the pull-back by /i*, is then just rescaling the new D 1 factor which 
arrives in first position. The case of v* is similar but using the fact that for u = 
one has 

t — u 



l-u 

Let W be a Lyndon word of length p greater or equal to 3. For now on, we 
assume that Theorem 14 . 1 2 1 holds for any word of length strictly less p. We set 

A C = ^ O^yCuCv + tfjyCuCy, 

u<v u,v 

and 

A c i = 22 a! vv L]jL\ + b' V yCuCy, 
u<v u,v 

Remark 14.21 shows that Ac and A^ only involved Lyndon words U and V such 
that the sum of the length of U and the length of V equal the one of W; in particular 
the various coefficients are as soon as U or V has length greater or equal to W. 

In order to apply the general strategy detailed in Section 12.6.11 we need first to 
show d{A c ) = d(A c i) = 0. 

The induction hypothesis gives the existence of Cu and C v for any U and V 
of smaller length, and by definition d(Co) = d{Lc\) — 0. So the combinatorial 
Proposition 14.31 shows that 

d(A c ) = d(A ci ) = 0. 

Lemma 4.14 (extension to A 1 ). Let Ac (reap. Act- ) denotes the algebraic cycles 
in Z(A 1 x \D 2p ~ 2 ) obtained by taking the Zariski closure in A 1 x \3 2p ~ 2 of each term 
in the formal sum defining Ac (resp. A c ± )■ Then 

• Ac and Ac^ are equidimensional over A 1 with respect to any faces of\3 2p ~~ 2 ; 
that is Ac and Ap. are in A/??' 2 {p)- 

• Ac has empty fiber at and A c i has empty fiber at 1. 
. d A i(Ac~) = d A i(Acl) = 
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Proof. Cases of Ac and A^i are very similar, thus we will only discuss the case of 
Ac- 

Let Cjj and Cy for U and V Lyndon words different from and 1 of respective 
length q and q' smaller than p the length of W. Note that in Ac only appears U 
and V such that q + q' = p. 

Induction hypothesis tells us that Cu (resp. C\j) and Cy (resp. Cy) extend 
to equidimcnsional cycles over A 1 with respect to any faces by taking the Zariski 
closure in A 1 x □* of each term of their defining sums; that is 

Z^Z^eA/^ 1 ^) and A^GA/^V)- 
Thus, Proposition 14.81 insures that 

Cu ■ Cy = Cv Cv and Cu ■ C v = Cu ■ C\ G J\f^f 2 (p). 

and that the above products have empty fiber at because it is the case for Cu- 

In order to show that Ac extend in an equidimensional cycle over A 1 , it is now 
enough to study the products Cq ■ Cjj and C\ ■ C v as thanks to Lemma T3.49I those 
are the only types of product involving Cq and C\ which are not equidimensional 
over A 1 . 

The Zariski closure Cq of Cq in A 1 x D 1 is not equidimensional with respect to 
all the face as in particular 

~Co~r\ (A 1 x {0}) — > A 1 

is not dominant. However, Cq is well defined in J\Tl\(V) even if it is not equidimen- 
sional over A 1 and is the only problematic point. In the other hand Cjj is by the 
induction hypothesis empty at 0. This remark allows us to shows that Cq ■ Cu is 
equidimensional over A 1 and have empty fiber at 0. 

Now, let Cq^ and Cu^° denote respectively the Zariski closure of Cq and Cu in 
A 1 \ {0}. Let Z be an irreducible component of Supp(£y) and let Z (resp. Z^°) 
denotes the Zariski closure of Z in 

A 1 x U 2p - 1 (resp. in A 1 \ {0} x □ 2p ~ 1 ). 

Z (resp. Z^°) is then an irreducible component of Supp(£;y) (resp. Supp(£;y^ )) 

and all irreducible components of Supp(£[/) (resp. Supp(£(7^°)) are of this type. 
Let r denote the graph of id : P 1 — > P 1 . Then one has 

Cq = Alt(T\xxx), Cq^ = ^t(r| A i\{ }xA 1 \{0}) an d Cq = Alt(T\ A i xA i) . 

We will write simply Fx, Tai\{o} & n d I\i for the restriction of T to respectively 
X x X, A 1 \ {0} x A 1 \ {0} and A 1 x A 1 . 

It is enough to show that r&i • Z is equidimensional over A 1 (here • denotes the 
product in Af^i ) . 

By the induction hypothesis, Z is equidimensional with respect to any faces over 
A 1 ; in particular Z (resp. Z^°) is equidimensional with respect to any faces over X 
(resp. A 1 \ {0}). Thus, for any face F of D 1 and any face F' of □ 2 (p -1 ) -1 one has 

Tx ("1 (X x F) is equidimensional over X 

(resp. r A i\{ } (~1 ((A 1 \ {0}) x F) is equidimensional over A 1 \ {0}) 

and 

Z n (X x F') is equidimensional over X 
(resp. Z X ° n ((A 1 \ {0}) x F') is equidimensional over A 1 \ {0}^) . 
Hence, the intersections 

(T x x Z) n (X x X x F x F') C X x X x U 2p - 2 
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and 

(r A i U0} x n (A 1 \ {0} x A 1 \ {0} x F x F') c A 1 \ {0} x A 1 \ {0} x \J 2p ~ 2 

are respectively equidimensional over X x X and over A 1 \ {0} x A 1 \ {0}, or empty. 
In particular, in the case where the intersection is non-empty. 

(r A i\ {0} x n (A 1 \ {0} x A 1 \ {0} x F x F') — -> A 1 \ {0} x A 1 \ {0} 

is equidimensional of relative dimension dim(F) + dim(_F') — p — 2. 

Let x be a point of im(A). Then, either x is a point of im(A A i^ }) and as a 
point in A 1 \ {0} x A 1 \ {0}, the equidimensionality shows that if the intersection 
below is not empty one has 

dim ((r A i x Z) n (x x F x F'))) = 

dim ((r A i\ {0} x n (x x F x F'))j = dim(x) + dim(F) + dim(F') -p - 2. 

Or x is the point (0, 0) and, writing Tq (resp. Zq ) the fiber at under the first 
projection of A 1 x D 1 (resp. A 1 x D 2 ^ -1 ) -1 ), one has 

(r A i x z) n ({(o, o)} x f x f') = r x z n ({(o, o)} x f x f') = 

because by induction hypothesis Zq = 0. 

From the above discussion, we obtain that the intersection of 

(A x id)" 1 (r x z) ~ r x In (im(A) x D 2 ^ 2 ) 

with any faces is equidimensional over A 1 and that 

A Z = Mt ((A x id) _1 (r x Z)) 

is equidimensional over A 1 with respect to any faces of □ 2p_2 . Moreover Cq ■ Z has 
an empty fiber at 0. 

Thus, Cq ■ Cjj is equidimensional with respect to any faces and has empty fiber 
at 0. A similar argument (using 1 instead of and using the fact that Cy is empty 
at 1) shows that C\ ■ L v is equidimensional over A 1 and has empty fiber at 1. 

Now, we need to show that 

a A i(Ac) =o. 

By inductio n, terms of the form Cjj (resp. C v ) satisfy the differential system 
(|ED-£p (resp. (jED-^C 1 !) ) provide the length of U fresp. V) is greater than 2. Hence, 
In order to show that 9a 1 (Ac) — 0, it is enough to show that 

d A i(£ ■ £u) = -A) • d k i{Cu) and d A i(d ■ £ v ) = -d ■ d A i{£ v ). 

All terms involved in d^iAc) will then satisfy exactly the same differential equa- 
tions as the ones involved in d(Ac) = 0. Thus, in order to show that 9 A i (Ac) = 0, 
it will be enough to apply the same computations used to prove that d(Ac) = 
(Proposition I4.3[) . 

As previously said, even if Cq is not equidimensional over A 1 it is a well defined 
element of A/2i(l) and one has 

9 A i(A) = [0;0] cA'xD 

which is of codimension 1 . The differential graded algebra structure on 7V?i shows 
that 

8 A i (Aj • CU) = [0; 0] • - T ■ d A i (CU). 
The product [0; 0] -Cjj is obtained from the product [0; 0] -Z where Z is an irreducible 
component of Supp(£;y). The previous computations show that 

[O;O]-Z = A- 1 (r o xZ o )=0 
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The above equality insures that as a cycle [0; 0] • Cu = and that 

d A i{C ' £u) = — A) ■ d A i(Cu); 

similarly, 

d A i(d ■ £y ) = -C\ ■ <9 A i(£y). 
Thus, we have obtained that 

d A i(AE) =0. 

A similar discussion shows that 

□ 

The equality 

d A i (IE) = (resp. d A x (A^) = 0) 

shows that Ac (resp. A c i) gives a class in H 2 (A/"^i). As Corollary insures that 
this cohomology group is 0, Ac (resp. A^i) is the boundary of some cycle c (resp. 
c') in Afli- Lemma [4. 151 below gives this c (resp. c') explicitly and, after restriction 
to X, concludes the proof of Theorem 14. 121 

□ 

Lemma 4.15. Define Cw and C w in J\f A i' 1 (p) by 

£w=V*(A c ) and C w = is*(A c i) 

where /J,* and v are the morphisms defined in Proposition ^ .9\ 

Let j : X — > A 1 be the natural inclusion of V 1 \ {0, l,oo} into A 1 and define 
Cw and C^ by 

£w=j*(£w) and C] v =j*(£\ v ). 
Then Cw and C w satisfy conditions of Theorem \4-lZ\ 

Proof. As in Proposition 14. 11[ let io (resp. i\) be the inclusion of (resp. 1) in A 1 : 

io ■ {0} — ► A 1 ii : {1} — ►A 1 , 
and let pq and p\ be the corresponding projection p e : A 1 — > {e} for e = 0, 1. 

Proposition 14.91 insures that Cw (resp. C w ) is equidimensional over A 1 with 
respect to any faces and has an empty fiber at t = (resp. t = 1); in particular 
*o(Ac) = iiiAc 1 ) — 0. Moreover, Proposition 14.111 allows to compute d A i(Cw) as 

d A i(C w ) =d A i ofi*(A c ) 

= id ( A~ c ) - p* o t* (A~c) - fi* o d A i {A~c) 
=A2 

because d A i(A c ) = and io(Ac) = 0. 

Using again Proposition 14. 1 Jl a similar computation gives 

because d A i(A c i) — and i\{A C i) = 0. 
Now, as 

C w =j*(C w ) and Cy / =j*{£\ v ), 
Cw and C w are equidimensional with respect to any faces over X by Proposition 
14.81 and their closure in A 1 x □ 2p ~ 1 are exactly Cw and C\y. As j* is a morphism 
of cdga, Cw and C w satisfy the expected differential equations as do Cw and C w ; 
that is 

d(Cw)=A c and d(C 1 w )=A c ,. 
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This conclude the proof of the Lemma and of Theorem 14.121 □ 

5. Concluding remarks 

5.1. Some Examples up to weight 5. We describe in this section some inter- 
esting examples of cycles Cw and C w for W up to length 5. 

We have already seen in the previous section, at Example 14.131 the weight 2 
examples £oi an d Cqi- We recall below their parametric representations 

t x — t 

£ i = [t; 1 ,x, 1 - a:], £ i = [*5 7> x > 1 ~ x \- 

X x — 1 

They satisfy 

9(£ 01 ) = d{Cl x ) = C d. 

In Lemma \2 .401 we have defined cycles LiJ? for any integers k ^ 2 with Li^ = 
Loi = £oi- Fix k an integer greater or equal to 2 and let W be the Lyndon word 

W = 0---0 1. 

k— 1 times 

A simple induction and the construction of the cycle Li^ y show that 

Li^ = Cw- 

We have previously considered a weight 3 example Lou in order to make more 
apparent where the different problems were. In particular, it satisfies 

S(Lou) = (L i-£oi(l))£i. 

However, the closure of Lou over A 1 is not equidimensional as the fiber at 1 is 
not an admissible cycle. In the next example, we use Theorem 14.121 for the word 
Oil and give an explicit parametrized description of /Ion- 



Example 5.1 (Weight 3 example). The cycle £qh hi •A/^?' 1 (3) is defined by 



Ani — A.A)i)- 
The product CiC^ is given in terms of parametrized cycle by 

£i£o! = [t; 1 - t, - — \,x, 1 - x]. 
x — 1 

Following the comment in Example 14.131 one computes easily the pull-back by \x* 
and obtains after restriction to X (and renumbering x as Xi) 

t X\ — x% . 
£011 = - *; 1 ,1-^2, r> x i' 1 ~ x i ■ 

The cycle £j n satisfies the same differential equation as £on but is given by the 
pull-back v* . Thus, a description of £j n as parametrized cycle is 

i>\ r . x-2 - t Xi - x 2 

X-2 — 1 Xi — 1 

Computing the differentials of £on and £j n using the above expressions gives back 

9(£ou) = 9(£j u ) = -£i£S x . 

In weight 4, arises the first linear combination in the differential equation. In 
weight 5 arises the first case where the differential equation for Lw and C w are 
not the same. There are actually two such examples in weight 5. 
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Example 5.2. The cycle £0011 satisfies 

<9(£oon) = £q£oii — £i£qoi ~ An Ah- 



As £j 01 is the restriction of t/*(£ £oi), one gets 

Am = [*; — —r^2,i - xi] 

and 

(59) £0011 = - *; 1 ,x 3 , 1 , 1 - ar 2 , -,2:1, 1 - x\\ 

x 3 x 2 xi — 1 

- *; 1 , 1 - ^3, 7-' X 2, 1 ,Xl,l- Xl\ 

x 3 X2 — I xi 

r, . t X 3 X!-X 3 

- [t; 1 , 1 ,X2,1~X2, T-,X\,l - X\\. 

x 3 x 2 xi—1 

Consider the Lyndon word 00101. Its corresponding tree T oioi* is 

t ® t 




°A° 1 °A 
01 01 

and computing d cy (Tooioi* ) gives 

dcy(Toowi*) =7ooi»7oi» — Toooi*7V — Ti»Toooi*(l)- 
Finally, £00101 and £00101 satisfy respectively 

(60) <9(£ooioi) = £001 • £01 + £i£oooi 
and 

(61) <9(£ooioi) = ^£001 ' Ah + Aioi • £01 _ £0 • £001 + ^1 ' Adooi- 

5.2. A combinatorial representation for the cycles : trees with colored 
edges. In this subsection, we give a combinatorial approach to describe cycles Cw 
and £|y as parametrized cycles using trivalent trees with two types of edge. 

Definition 5.3. Let T" be the Q vector space generated by rooted trivalent trees 
such that 

• the edges can be of two types: | or || ; 

• the root vertex is decorated by t 

• other external vertices are decorated by or 1. 

We say that such a tree is a rooted colored tree or simply a colored tree. 

We define two bilinear maps T" <8> T" — > T" as follows on the colored trees: 

• Let T\ ^T 2 be the colored tree given by joining the two root of T\ and T 2 

and adding a new root and a new edge of type | : 

Ti T 2 

where the dotted edges denote either type of edges. 
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• Let T\ II T 2 be the colored tree given by joining the two root of T\ and T 2 
and adding a new root and a new edge of type || : 



Tx\T 2 = 

Ti T 2 

where the dotted edges denote either type of edges. 
Definition 5.4. Let 1o and Ti be the colored tree defined by 

To = * f and Ti - * I . 
i 

For any Lyndon word W of length greater or equal to 2, let 1w (resp. T^,) be 
the linear combination of colored trees given by 

= E ^vy^v a^V + ^ b^ylu ^ly, 
c/<y u,v 

and respectively by 

o<c/<y ry,v v 

To a colored tree T with p external leaves and a root, one associates a function 
f T :X x (P 1 )^ 1 — > X x (P 1 ) 2 ?- 1 as follows : 

• Endow T with its natural order as trivalent tree. 

• This induces a numbering of the edges of T : (ei, e 2 , . . . , e 2p _i). 

• The edges being oriented away from the root, the numbering of the edges 
induces a numbering of the vertices, (v\, v 2 , ■ ■ ■ , v 2p ) such that the root is 
vi- 

• Associate variables x\ , . . . , to each internal vertices such that the num- 
bering of the variable is opposite to the order induced by the numbering 
of the vertices (first internal vertices has variable x p -\, second internal 
vertices has variable x p - 2 and so on). 

a • 

• For each edge = . oriented from a to b, define a function 

if a is of type | , 
if ei is of type || . 



fi(a,b) 





a 


1 - 






b 


b- 


a 


b- 


1 



• Finally f T -Xx (P 1 )?" 1 — > X x (P 1 ) 2 ?" 1 is defined by 

f T (t,x 1 ,...x p -i) = (i,/i,...,/ 2p -i). 

Let r(T) be the intersection of the the image of fx with X x D 2p_1 . One can 
formally extend the definition of T from T' ' into the direct sum (B p ^iZ p (X x n 2p_1 ). 

Proposition 5.5. The map T satisfies : 

• For any Lyndon word 0/ length p, T(1w) is in 2 p q (X, 2p — 1) (g> Q 

• Alt(T(1 )) = C and ^/t(F(1i)) = d 

• For any Lyndon word of length p > 2, 

Alt(T(1 w )) = C w and ^t(F(T^)) = C> w . 
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Proof. The fact that r(T ) (resp. r(Ti)) is the graph of t M> t (resp. ( 4 1 - t) 
follows from the definition. Thus one already has T(To) (resp. r(Ti)) in Z\ q (X, 1) 
and 

Alt(T(1 )) = C and Alt(T(1i)) = d. 

Then, the proposition is deduced by induction because, as already remarked 
in Example 14.131 in order to compute the pull-back by fi* one sets the former 
parameter t to a new variable x n and parametrizes the new D 1 factor arriving in 
first position by 1 — (t is again the parameter over X). The case of v* is similar 
but parametrizing the new D 1 factor by . □ 

Remark 5.6. Considering that Co is empty at 1 and the symmetry of the situation 
between and 1, one could write Cq instead of Cq and similarly Xj instead of 
To- This cosmetic change of notations will in particular make Definition 14.11 more 
uniform with respect to the cases where either U or V is equal to or 1. 

However, it will add some modifications in the proof of Proposition 14.31 relating 
relations among a's, a"s, 6's and 6"s coefficients with relations between a's and /3's 
coefficients. 

5.3. An integral associated to £011 • We present here a sketch of how to asso- 
ciate an integral to the cycle Con. The author will directly follow the algorithm 
describe in |GGL09) [Section 9] and put in detailed practice in |GGL07| . There 
will be no general review of the direct Hodge realization from Bloch-Kriz motives 
[BK94J [Section 8 and 9] . Gangl, Goncharov and Levine construction seems to con- 
sist in setting particular choices of representatives in the intermediate jacobians for 
their algebraic cycles. 

The author will not extend this description and will not generalized here the 
computations below. Relating Bloch and Kriz approach to the explicit algorithms 
described by Gangl, Goncharov and Levine and the application to our particular 
family of cycles C\y will be the topics of a future paper as it requires, in particular, 
a family C^? of element in H°(B(J\f^)) not at our disposal yet. 

Let's recall the expression of £ n as parametrized cycle: 

t X\ — X 2 , 

Ani = - [t] 1 ,1-^2, r> x l> 1 ~ X M- 

x 2 x\ — 1 

One wants to bound £011 by an algebraic-topological cycle in a larger bar con- 
struction (not described here) introducing topological variables Si in real simplices 

A£ = {0 < s x < • • • < s n < 1}. 

Let d s : A" — > A™" 1 denotes the simplicial differential 

n 

d° = ]T(-i)^ 

where : A™ -1 — > A™ is given by the face Sk = Sfc+i hi A™ with the usual 
conventions for k — 0,n. 
Let's define 

c mi = f ; 1 ) 1 - - x 2, t-,xi, 1 - Xi\ 

X 2 Xl - I 

for S3 going from to 1. Then, ^(Cg^) = £011 as S3 = implies that the first 
cubical coordinate is 1. 

Now the algebraic boundary d of is given by the intersection with the 

codimension 1 faces of D 5 

d( c oi\) = [t; 1 ~ s 3^, — 1 - Xi], 
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We can again bound this cycle by introducing a new simplicial variable s 2 ^ S3 
and the cycle 

r ,s.2 r . , Xl~S 2 t 

£i-s 2 /s 3 

The intersections with the faces of the simplex {0 ^ s 2 ^ s 3 ^ 1} given by s 2 = 
and S3 = 1 lead to empty cycles (as at least one cubical coordinates equals 1). 
Thus, the simplicial boundary of Cg n satisfies 

= -d(C°[\) = -[t; 1 - s 3 t, ^-^p*i, 1 - 

Its algebraic boundary is given by 

d(Con ) = - [*; 1 - *3*, sit, 1 - s 2 t] + [t; 1 - s 3 t, — , 1 - — ] . 

s 3 s 3 

Finally, we introduce a last simplicial variable ^ si < s 2 and a purely topological 
cycle 

Coil = -[*;!- s st, s 2 t, 1 - ait] + [t; 1 - s 3 t, — , 1 - — ] 

S3 s 3 

whose simplicial differential is (up to negligible terms) given by the face s\ = s 2 : 

^(Coii) = -d(C Yi) = [t; 1 - s 3 t, s 2 t, 1 - « 2 t] - [*; 1 - * 3 t, -, 1 - -] 

S3 s 3 

and whose algebraic boundary is 0. 
Finally one has 

(d s + d)(C°[\ + C s [ 3 1 + C s [ 3 1 ) = £ou 

up to negligible terms. 

Now, we fix the situation at the fiber to and following Gangl, Goncharov and 
Levin, we associate to the algebraic cycle £on|t=t the integral /on (to) of the 
standard volume form 

1 dz\ dz 2 dz 3 
(2i7r) 3 z\ z 2 z 3 

over the simplex given by Cq U . That is : 

1 /" t ds 3 ds 2 t dsi 
Ion (to) = - ,„. / 7 7 A A 



(2i7r) 3 y ^ Sl<S2 ^ S3<1 1 -t S3 «2 l-tosi 

1 /" to rfs3 /" rfS2 ^ rfsi 

Jo^s 3 ^l 1 — ^0S3 Jo^si^s 2 ^l s 2 



(2i7r) 3 Jo^S3<1 1 _ *0S3 io^si^s 2 ^l S 2 1 - «1 

Taking care of the change of sign due to the numbering, the first term in the 
above sum is (for t 7^ and up to the factor (2i7r) -3 ) equal to 

Lt\ t2 (t Q ) = / — 1 A A — T 

^0^si^s 2 ^S3^1 J — S l S2 J — S 3 

while the second term equals (up to the same multiplicative factor) 

-Li?(t )L*£(l). 

Globally the integral is well defined for to = and, which is the interesting part, 
also for t = 1 as the divergencies as t goes to 1 cancel each other in the above 
sums. A simple computation and the shuffle relation for Lif (to)!^ (to) shows that 
the integral associated to the fiber of £011 at to = 1 is 

(2i7r) 3 / 011 (l) - -2Li^(l) - -2C(2, f). 
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